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Abstract Let g be a complex, semisimple Lie algebra. Drinfeld showed that the
quantum loop algebra Uy (Lg) of g degenerates to the Yangian Y5 (g). We strengthen
this result by constructing an explicit algebra homomorphism ® from Uy (Lg) to the
completion of Yj;(g) with respect to its grading. We show moreover that ® becomes
an isomorphism when U (Lg) is completed with respect to its evaluation ideal. We
construct a similar homomorphism for g = gl,, and show that it intertwines the actions
of Un(Lgl,) and Y5 (gl,) on the equivariant K -theory and cohomology of the variety
of n-step flags in C¢ constructed by Ginzburg—Vasserot.
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1 Introduction
1.1

The present paper is motivated by and lays the groundwork for a proof of the trigono-
metric monodromy conjecture formulated by the second author in [32]. Let g be a com-
plex, semisimple Lie algebra, G the corresponding connected and simply-connected
Lie group, H C G a maximal torus and W the corresponding Weyl group. In [32]
a flat, W-equivariant connection /750 was constructed on H which has logarithmic
singularities on the root subtori of H and values in any finite-dimensional represen-
tation of the Yangian Y;(g). By analogy with the description of the monodromy of
the rational Casimir connection of g obtained in [30,31], it was conjectured in [32]
that the monodromy of the trigonometric Casimir connection Ve is described by the
action of the affine braid group of g arising from the quantum Weyl group operators
of the quantum loop algebra Uy (Lg). This raises in particular the problem of relating
finite-dimensional representations of Y (g) and Uy (Lg).

1.2

Since their construction by Drinfeld [9,10], these affine quantum groups have been
extensively studied from several perspectives (see, e.g., [5, chap. 12], [2] and references
therein) and are widely believed to share the same finite-dimensional representation
theory. This belief is corroborated in part by the following facts

(1) The quantum loop algebra Uj (Lg) degenerates to the Yangian Y (g). Specifically,
if Uy (Lg) is filtered by the powers of the evaluation ideal at z = 1, its associated
graded is isomorphic to Yz (g) [10,17].

(2) Finite-dimensional simple modules over U, (Lg) are parametrised by I-tuples
of (Drinfeld) polynomials {P;(u)};e1 satisfying P;(0) = 1, where I is the set
of vertices of the Dynkin diagram of g [4]. Similarly, finite-dimensional simple
modules over Y7 (g) are classified by I-tuples of monic polynomials [3,11,28,29].

(3) If g is simply laced, there exists, for every w € NI, a Steinberg variety Z(w)
endowed with an action of GL(w) x C* (here GL(W) = [[;,.; GLw,), and
algebra homomorphisms

iel

Wy : Up(Lg) — KOEW*C (7 (w))
Wy : Yi(g) — HOEWXC" (7 (w))
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The variety Z(w) and the homomorphism Wy were constructed by Nakajima
[26], while Wy was constructed by Varagnolo [33].

1.3

The above results go some way towards relating the categories of finite-dimensional
representations of Uj(Lg) and Y;(g). For example, exponentiating the roots of
Drinfeld polynomials yields, via (2), a surjective map exp* between the set of iso-
morphism classes of irreducible finite-dimensional modules of Y;(g) and those of
U (Lg)-modules. If g is simply laced, the geometric realisations (3) imply further that
exp* preserves the dimensions of these representations [33].

Despite these results however, and to the best of our knowledge, no natural relation
between the categories of finite-dimensional representations of U (Lg) and Y3 (g) is
known. Part of the difficulty in exploiting, say, the geometric realisations to pursue this
question lies in the fact that the homomorphisms Wy, Wy are neither injective nor sur-
jective [26]. Moreover, although these realisations yield all irreducible representations,
the categories Repgy (Un(Lg)) and Repgy (Y (g)) are not semisimple.

1.4

The aim of the present paper is to clarify the relation between U (Lg) and Y5 (g). We
do so by constructing an explicit algebra homomorphism

@ : Up(Lg) — Ya(g)

where % is the completion of Y3 (g) with respect to its N-grading and show that
it induces an isomorphism of completed algebras. We also show that & exponentiates
the roots of Drinfeld polynomials, though we defer the study of the corresponding
pull-back functor

F = @" : Repyq(Yn(9)) — Repgq(Un(Lg))
to the sequel of this paper [13].

To state out results more precisely, recall that U (Lg) and Y (g) are deformations
of the loop and current algebras U (g[z, z~']) and U (g[s]) respectively. Denote by

Un(LY), Up(Lby) C Un(Lg) and  Yx(h), Yn(b+) C Yr(g)
the subalgebras deforming U(b[z,zfl]), U(b+[z,z~']) and Uls]), Ubyls])
respectively, where h) C g is the Lie algebra of H and b+ C g are the opposite

Borel subalgebras corresponding to a choice {«;}ier of simple roots of g. For any
i €I, letsl, C g be the corresponding 3-dimensional subalgebra and denote by

Un(Lsly) C Up(Lg) and  Yu(sly) C Yi(g)
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the subalgebras which deform U (5[3[1, 7D and U (5[5 [s]) respectively. Then, the
main result of this paper is the following

Theorem There exists an explicit algebra homomorphism ® : Up(Lg) — Y/ﬁ\@ with
the following properties

(1) @ is defined over Q[[1]].

(2) @ induces an isomorphism U?(L\g) — %, where U?(L\g) is the completion
of U (Lg) with respect to the ideal of 7z = 1.

(3) @ induces Drinfeld’s degeneration of Ur(Lg) to Y5 (g).

(4) @ restricts to a homomorphism Up(LH) — m which induces the exponenti-
ation of roots on Drinfeld polynomials.

(5) @ restricts to a homomorphism Uy (Lby) — @).

(6) @ restricts to a homomorphism Uy, (Ls[é) — Y3 (5[é)f0r anyi € L

It is interesting to note that Theorem 1.4 stands in stark contrast with the analogous
finite-dimensional situation. Indeed, if g 2 sl, no explicit isomorphisms are known
between the quantum group Uj g and the undeformed enveloping algebra Ugl[7]] [9,
§6.4]. Moreover, if g 2 sly, no algebra isomorphism Upg — Ug[[/#]] maps Uhﬁlé to
Us[é[[h]] for every i € I [31, Prop. 3.2].

1.5

The homomorphism ® has the following form. Let {E; i, F; k, H; k}ic1.kez be the loop
generators of Uy (Lg) and {xfm, & mYier.meN those of Y (g) (see [11] and Sect. 2 for
definitions). Then,

O(Hio) =d; 't

hi r’m
O®(Hiy) = —— Z tim—
9 =4 pzo ™
.
(Ep) =€ > gh xif,
m=>0
O(Fip) = € D 87 %
m=>0

In the formulae above,r € Z*, k € Z, ¢ = e"/2 and qi = qd’, where the d; are the
symmetrising integers for the Cartan matrix of g. The {#; ;,};e1,men are an alternative
set of generators of the commutative subalgebra Y;(h) C Y7 (g) generated by the
elements {&; ;}ie1,men. They are defined in [22] by equating the generating functions

Rt = log(+ R Y G

m>0 m>0
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The elements {g,‘im}iel,meN lie in the completion of Y;(h) and are constructed as
follows. Consider the formal power series

G(v) = log (r”e/z) € vQI[v]]

and define y; (v) € f/\o[[v]] by

tir d r—+1
i) =hy — (‘E) G(v)

r>0

Then,

" 172 ‘
D gh" = (—_1) exp (y’(”)) (1)
' qgi — 4; 2

m=>0

Finally, O'ij: are the homomorphisms of the subalgebras Y7 (by) C Y5 (g) generated
by {&;.r, x]j.fr}jel’,eN, which fix the &;, and act on the remaining generators as the

. + +
shifts e ™ Xjrsy
Note that the formulae connecting the generators {H; x} of Un(Lg) and {¢; ,,} of

Y1 () essentially coincide with those connecting the generators of bz, z 1]and hls].

1.6

The above formulae apply equally well when g is a symmetrisable Kac—Moody alge-
bra. Our proof of Theorem 1.4 shows that they define a homomorphism from the
quantum afﬁnizationmof the quantum group Uj g [20,26], to the completion of the
Yangian Y (g), provided the following holds

(1) the entries of the Cartan matrix of g satisfy a;ja;; < 3 fori # j € L
(2) the PBW theorem holds for Y5 (g).

The first assumption is equivalent to requiring that all rank 2 subalgebras of g be
finite-dimensional and is needed in our proof of the g-Serre relations. The second is
required for the construction of certain straightening homomorphisms on Y5 (g) which
are needed in the proof of Theorem 1.4. We note that, for the Yangians associated with
affine Kac-Moody algebras, the PBW theorem was proved by Guay in type A, for
n > 4 [16] and, more recently, by Guay—Nakajima for all simply laced cases [18].
In particular, the above formulae define a homomorphism from the quantum toroidal
algebra U;’"(g) associated with a simply laced, simple Lie algebra g 2 s, to the
completion of the affine Yangian Y5 g.
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1.7

We also construct in this paper a homomorphism similar to the one described in
Sect. 1.5 for g = gl,,, by relying on the geometric realisation of Uy (Lgl,) obtained
by Ginzburg and Vasserot [15,34]. More precisely, fix integers 1 < n < d, and let

F={0=VcVic - cV,=C)
be the variety of n-step flags in C?. The cotangent bundle 7*F may be realised as
T*F = {(Ve,x) € F x End(C)| x(V;) C V1)
and therefore admits a morphism 7*F — N via the second projection, where N =
{x € End(C%)|x" = 0} is the cone of n-step nilpotent endomorphisms. Define the

Steinberg variety Z = T*F x nr T*F. The group GL; x C* acts on T*F and Z and
there are surjective algebra homomorphisms

Wy : Up(Lgl,) — K9LaxC(z)
Wy : Yi(gl,) — HOLxC"(7)
see [15,34] for the definition of Wy;.

To understand these more explicitly, one can use the convolution actions of
KOLaxC(7) on KOLaxC (7% F) and of HOL4*C" (Z) on Hgy,xcx (T*F), which
are faithful. By using the equivariant Chern character, we construct an algebra homo-
morphism

@ : Up(Lgl,) — Yr(gl,)

which intertwines these two actions.

1.8

In the sequel to this paper [13], we shall prove that, for g semisimple, a modification
of the pull-back functor ®* converges for numerical values of 7 and defines a functor

Repyy (Ya(9)) = Repgy(Ue(Lg))

where Y, (g) is the specialisation of Yz (g) at i = a € C\R and € = exp(wia) and
defines an equivalence of an explicit subcategory of Repgy (Y, g) with Repgy (Ue (Lg)).

1.9

It is worth pointing out that most of our results relating Uy (Lg) and Y;(g) have
analogues for the affine and degenerate affine Hecke algebras H and H’ associated with



Yangians and quantum loop algebras 277

an affine Weyl group W [24] and were in fact inspired by these and their further study
in [6]. Indeed, in [24], Lusztig constructs an explicit isomorphism between appropriate
completions of { and . In this context, the isomorphism can be understood in terms
of, and in fact obtained from, the geometric realisations

E:H — K9 (2)
E/ . H/ ;) I_IG><(C>< (Z)
where Z is the Steinberg variety corresponding to W [7,14].

1.10 Outline of the paper

In Sect. 2, we review the definition of the quantum loop algebra Uy (Lg) and Yangian
Y (g) of a semisimple Lie algebra g. We also introduce shift homomorphisms of the
subalgebras Y5 (b4 ), and straightening homomorphisms of the subalgebra Y5 (h).

In Sect. 3, we consider assignments mapping the generators of U;, (Lg) to %
These have the form described in Sect. 1.5, where the elements g im €Yn (f)) are,
however, not necessarily given by formula (1.1). Our main result, Theorem 3.4, gives
necessary and sufficient conditions for these elements to give rise to an algebra
homomorphism. We call such homomorphisms of geometric type since, for g simply
laced, they are related to the Chern character in the geometric realisation described in
Sect. 1.2.

The proof that the elements given by (1.1) satisfy the conditions of Theorem 3.4, and
therefore give rise to an algebra homomorphism ®, is given in Sect. 4 (Theorem 4.7).
We also prove that the action of @ on Drinfeld polynomials exponentiates their roots
(Corollary 4.5).

In Sect. 5, we prove the essential uniqueness of homomorphisms of geometric type
by showing that any two differ by conjugation by an element of the torus H and an
invertible element of m (Theorem 5.11).

In Sect. 6, we show that any homomorphism of geometric type @ induces an
isomorphism Uh/(L\g) — @, where Uh/(L\g) is the completion with respect to the
evaluation ideal at z = 1 (Theorem 6.2). We show moreover that the associated graded
map coincides with Drinfeld’s degeneration of Uy (Lg) to Y5 (g) (Proposition 6.5).

Section 7 contains similar results for g = gl,,. In addition to constructing an explicit
homomorphism & : Up(Lgl,) — Yh/(ng) (Theorem 7.6), we review the geometric
realisations of these algebras and show that @ intertwines them (Theorem 7.19).

An appendix (Sect. 8) contains a proof of the Serre relations which is required to
complete the proof of Theorem 3.4.

2 Quantum loop algebras and Yangians
2.1

Let g be a complex, semisimple Lie algebra and (-, -) a non-degenerate, invariant
bilinear form on g. Let h C g be a Cartan subalgebra of g, {o;}iecr C h* a basis
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of simple roots of g relative to h and a;; = 2(«;, «j)/(e;, ;) the entries of the
corresponding Cartan matrix A. Set d; = (o;, ®;)/2, so that d;a;; = d;jaj; for any
i,j € LLetv:h — bh*betheisomorphism determined by the inner product (-, -) and
set h; = v‘l(a,')/di. Choose root vectors e; € go;, fi € §—,; such that [e;, fi] = h;.
Recall that g is presented on generators {e;, fi, h;} subject to the relations

[hi hj]=0
[hivej] = aije; [hi. fi] = —aij f;
lei. £i] = 8ijh

forany i, j € Tand, forany i # j € I

ad(e;)' "%ie; =0
ad(f;)' =i f; =0
A closely related, but slightly less standard presentation may be obtained by setting

ti = v ") = d;jh; and choosing, for any i € I, root vectors xl.jE € P+, Such that
[x;r ,X; 1 =t;. Then g is presented on {xii, t; }ie1 subject to the relations

22

Throughout this paper, ¢ and / are formal variables related by g> = e”. Forany i € I,

we set g; = g% = e%/2. We use the standard notation for Gaussian integers
— 4=
[nly = q—q~!
n [n],!

2.3 The quantum loop algebra [11]

Let U (Lg) be the unital, associative algebra over C[[71]] topologically generated by
elements {E; i, Fi r, H; r}ier kez subject to the following relations
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(QL1) Fori,jelandr,s € Z
[Hi,, Hjs]1=0
(QL2) Foranyi, j e Iand k € Z,
[Hio, Ejrl =aijEjr  [Hio, Fjx]l = —aijFjx
(QL3) Forany i, j e landr € Z*,

[ra;j]

i [raijlg;
— vk [Hiy, Fjpl=——2LF;
.

[Hi,ra E',k] = r+k
J J

(QL4) Fori,jelandk,l e Z
Eirr1Ej1— 6]?” EjiEijy1 = 6]?” EirEjiv1 — Ejir1Eix
Fig1Fj — qi_aij FjiFify1 = qi_aij FiFjiv1— FjFik
(QLS5) Fori, jelandk,l € Z

ikt = Gkl

[Eik, Fjil=éij —
qi — 4;

(QL6) Leti # j e landsetm =1 —a;;. Forevery ki, ...,k € Zand ! € Z

m
s|m —
Z z(_l) |: s } Eiykrr(l) M Ei,kn(x) EjalEiskn(,H»l) M Eiskn(m) - O
qi

1S, s=0

m
N m —
Z Z(_l) |: s :| Fiskn(l) S Fi,kn(s) Fj,lFi,kn(xH) s Fiskn(m) =0
qi

€&, s=0
where the elements v; ., ¢; , are defined by

hd; _ _
Vi@ =D Vit =exp( - ,-,o) exp| (@i—q D Hisz™

r>0 s>1

hd; _
$i(z) = D i, =exp (—7’ ,-,o) exp | —(qi —q; ") D Hi 7'

r>0 s>1

with ¥; _x = ¢ x = 0 forevery k > 1.
We shall denote by U? C Uy (Lg) the commutative subalgebra generated by the
elements {H; ;}ie1,,ez-
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2.4 The Yangian [11]

Let Ys(g) be the unital, associative C[/i]-algebra generated by elements
{x;+ &irlicrren, subject to the following relations

(Y1) Foranyi,jelandr,s e N
(&ir.&js]1 =0
(Y2) Fori, jelands e N
[i.0, xfs] = :l:diaijx;%s

(Y3) Fori,jelandr,s e N

diaiih
(641, 5,1 = i Xy ] = F5 0 G + 35, 60r)
(Y4) Fori,jelandr,s e N
diaiih
+ + + _+ idijn . 4 4 + +
[xi)rH,xj’s] — [xl.,r, xj,Hl] = :I:T(xi,rxj‘s + xj’sxiy,)
(YS) Fori,jelandr,s e N
+ —

[x,"rs xj,s] = 5ij$i,r+s

(Y6) Leti # j e landsetm =1 —a;;. Foranyry,...,r, € Nands € N

+ + + + _
Z [xi!fn(l)’ [x’?’n(z)’ R [x’?’zron)’xfﬁs] ]] =0

eSSy,

Y5 (g) is an N-graded algebra by deg(§; ) = deg(x;—Lr) =r and deg(h) = 1.

2.5 PBW theorem for Y;(g)

For any positive root 8 of g, choose a sequence of simple roots «;,, . .., o, such that
B=oy+ 4o and

+ + + +
i’ X

[ D oo g X 1o+ 11 € gap

are non-zero vectors. For any r € N, define x}:; € Yx(g) by choosing a partition

r =71+ -+ of length k and setting

r

+ + + + +
Xg =X 0 X e X Xl

l—1:Tk—1" " ik:Tk
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Theorem ([23]). Fix a total order on the set G = {&; ,, x/:gt’r}iel,reN,ﬁeEJr- Then, the
ordered monomials in the elements of G form a basis of Y3 (g).

Let YO, Y+ C Y;(g) be the subalgebras generated by the elements {; ,};cr reN
(resp. {xfr},-el,reN) and Y=, Y =0  Y¥;(g) the subalgebras generated by Y°, ¥+ and
Y9, Y~ respectively. The following is a direct consequence of Theorem 2.5.

Corollary (1) Y° is a polynomial algebra in the generators {&ir}iel ren-

(2) Y* is the algebra generated by elements {xl.j; }iel,reN subject to the relations (Y4)
and (Y6).

(3) Y20 (resp. Y=0) is the algebra generated by elements &, x,'i,}iel,reN subject to
the relations (Y1)—(Y4) and (Y6). ’

(4) Multiplication induces an isomorphism of vector spaces

Y " @Y’@rt - Yi(g)

2.6 The shift operators O’ii

Fix i € I. By Corollary 2.5 (3), the assignment

+ + . .
Xjr 7 Xjrtsi Ejor = &jr

extends to an algebra homomorphism Y=? — ¥Z0 (resp. ¥Y=0 — yY=09) which we
shall denote by aii.

2.7 The relations (Y2)—(Y3)

We rewrite below the defining relations (Y2)—(Y3) of Y5(g) in terms of the shift
operators 01.i and the generating series

=1+ &0 e V@l 1] @1
r>0

Lemma The relations (Y2)—(Y3) are equivalent to

:I:Fldiaij
u— Uj:.t =+ hd,-al-j/z

[& (W), x7,] =

E(u)x,

where the rational function on the right-hand side is expanded in powers of u™".

Proof Seta = d;a;j/2. Multiplying (Y3) by fiu="~! and summing over r > 0 yields

wl€i(u) — 1= hu™"g 0, x5 1 = [E(w) — 1,57 ] = Hhalx] | Ew) — 1)
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where {x, £} = x& + &x. Using (Y2) and {x, £} = [x, &] + 2&x, yields

(u— o; 4 ha)l&;(u), x ] = +2ha&; (u)x 2.2)

as claimed. Conversely, taking the coefficients of % and u=""1in (2.2) yields (Y2)
and (Y3) respectively. O

2.8 The relations (Y4) and (Y6)

We shall use the following notation

e for an operator 7' € End(V), T;) € End(V®™) is defined as
Ty = 191 @ T & 18m—i
e for an algebra A, ad™ : A®™ — End(A) is defined as
ad™ (a1 @ -+~ Q@ ap) = ad(ay) o --- o ad(ay)

Proposition (1) The relation (Y4) fori # j is equivalent to the requirement that the
Jfollowing holds for any A(vy, va) € Cl[[vy, v2]]

A(al.i, af)(oi — a F ah)xl Ox] 0= A(O’ 10 )(o — o]i + ah)xfoxfo

where a = d;a;j /2.
(2) The relation (Y4) for i = j is equivalent to the requirement that the following
holds for any B(vy, v2) € C[[v1, v2]] such that B(vy, v2) = B(va, v1)

+ + + + + +
i (Bt o) 07, = o) F diaty © 3%) =0 2.3)

where 1 : Yy, (g)®2 — Y5 (@) is the multiplication.
(3) The relation (Y6) is equivalent to the requirement that the following holds for any
i # jand A € Clvy, ..., v,1%" withm = 1 — a;;

Xm
+ + +
ad™ (A(O'l Wy i) (xi,o) )x./‘,l =0

Proof (1) The relation (Y4)

+
[xzr+1’x 1= [xtr’ js+1]_iah('xlr ]s jS zr)

may be rewritten as

+r _+s + + +r _+s +
o; 0 (0 —0; :Fah) X 0Xj0=0; 0; (a —0; :I:ah) Joxlo
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(2) Ifi = j, a = d; and the above may be written as

tr 45 [+ + + +
H (Oi,(l)ai,(Z) (Ui,(l) %o T dih) Xio0® xi,O)
ts _4r [+ + + +
=H (Gi,(l)ai,(z) (Ui,(z) — 0 * dih) Xi0® xi,O)

which is equivalent to

+r s _+ + + + +
H ((Ui,(rl)ai,(sz) + Ui,(sl)oi,(rz)) (Ui,(l) — %o T dih) Xio® xi,O) =0

(3) is just the reformulation of (Y6).

Corollary If (2.3) holds for some B € C[[vy, v2]], then B(vy, v2) = B(v2, v1).

Proof By (2) of Proposition 2.8, we may assume that B(vy, v2) = —B(v2, v1) and
therefore that B = (v; — vz)ﬁ where B is symmetric in v; <> v;. Using the grading
on Y;(g), we may further assume that B is proportional to v{v5 + vjv} for some
r > s € N. An application of (Y4) then yields

+ + +r s 5+ + + + o+
“((“i,(l) - “i,(z))(“i,(rl)ai,é) + “i,(ﬁ)"i,(rz))("i,(l) =0 ) Fdil)x ) ® "i,o)
+ o+ o+ 4 + o+ + o+ + + + +
= 2((xi,r+2xi,s Xt X TR X — X T XN F dihxi,rxi,s+l))
If r > s + 2, the above is not zero by the PBW Theorem 2.5 and B=0.TIfr=s+1,
a further application of (Y4) shows that the second of the above two parenthesized

summands is zero and again B=0 by Theorem 2.5. Finally, if r = s, (Y4)_implies
that the two parenthesized summands are opposites of each other and again B = 0. O

2.9 An alternative system of generators for ¥

The following generators of Y° were introduced in [22]. For any i € I, define the
formal power series

) =h> tiu " e YO

r>0

by

1 (u) = log(& (w) =log [ 1+h > & u™"" (2.4)

r>0

Since (2.4) can be inverted, {#; ,};c1, ren 1S another system of generators of Y. These
are homogeneous, with deg(#; ) = r, since ¢ - & (u) = Si(g“_]u), where - is the action
of ¢ € C* on Yj(g) given by the grading. Moreover, t; 0 = &9 and #; , = &, mod A
for any r > 1 since



284

S. Gautam, V. Toledano Laredo

mod 72

i) =h g

r>0

To compute the commutation relations between #; , and xF

following formal power series (inverse Borel transform of #; (u))

Ur
Bi(v) = BUiw) = Y ti,— € YO[[v]]

r!

r>0
Lemma Foranyi, j € I we have
a,,v —ajjv .

+ — 9 oVt
[B,-(v),xj’s] ﬂ:%e 1 Ux

Proof To simplify notations set a = %hid;a;;/2, so thate” = qijE

+
U cr/.—i—ai

§ (WX 6 = T
j

so that

(a —a)u™!

N i

ti(u),x; ] =logd ——F———

L 2), %3] g(l —(0F +au!
Using

1 —eP?

B <log(1 - pu_l)) =
v

this yields

+ +
5 L 1— e(oj —a)v 1— e(oj +a)v L eV —
[B;(v), ] = — )i = ——

as claimed.

o WE introduce the

2.5)

(2.6)

. By Lemma 2.7

2.7)

Remark Expanding the right-hand side of (2.6) as a power series in v yields the

commutation relations

(hd; a,]/2)

tir,
iy x 20+ 1

Lr/2]
= *d;a;; Z (21)

These relations were obtained in this form in [22, Lemma 1.4].

Js r+s—2l
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2.10 The operators )Lii(v)

We introduce below operators which straighten monomials of the form x;—“mg, £eY?,

into elements of Y0 . Y=,

Proposition There are operators {)Ll.i_s},-el’seN on Y such that the following holds

(1) For any & € YO, the elements )»fs (&) € YV are uniquely determined by the
requirement that, for any m € N,

X = DM ()3, 28)
5>0
(2) Forany&,ne Y°,
MLED = D0 A @) (2.9)
k+l=s

(3) The operator Aj.s : Y9 — Y9 is homogeneous of degree —s.
4) Let )Ll-i(v) : Y9 — YO[v] be given by

MEE) =D A @)

s>0

and extend the N-grading on Y° to Y°[v] by deg(v) = 1. Then )»l.i(v) isanalgebra
homomorphism of degree 0.

5) )»;1 (v1) and Afzz (v2) commute for any i1, ir € Land €1, € € {£}.

(6) Foranyi €1,

AT WA (V) =id = A; (WA (v)
(7) Foranyi, j el
aijvy  —aijv
2E@D (B (1) = Bi(wy) § B "Iz

v2

(8) Foranyi e landr € N,
AT )(t,) = tiy F diaijy”  mod ki

Proof (1)=(2) by Lemma 2.7, (2.8) holds when & is one of the generators &, of Yo,
Since (2.8) holds for £ if it holds for £, n € Y°, with Ai.s(En) given by (2.9), the A,
can be defined as operators on Y. The fact they are uniquely characterised by (2.8)
and satisfy (2.9) follows from Corollary 2.5.
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(3) the linear independence of the elements on the right-hand side of (2.8) implies
that deg(A;.s(§)) = deg(§) — s for any homogeneous & € Y0. (4)isa rephrasing of (2)
and (3). (5) and (6) follow from (7) since the elements {#; ,} generate ¥ 0. (7) follows
from Lemma 2.9. (8) is a direct consequence of (7). O

Remark Using the shift operators, the relation (2.8) can be rewritten as
Xi€ = 15O 7,

3 Homomorphisms of geometric type

Let % be the completion of Yz (g) with respect to its N-grading. In this section, we
define an assignment

@ : {Hi,, Eir, Fi bielrez —> Va8

and find necessary and sufficient conditions for ® to extend to a homomorphism
Un(Lg) — Yag.

3.1 Definition of ®

Define
®(Hi0) =d; 10

and, forr € Z*

k
z Bi(r)
q)(Hi,r) - 1 l k 1
qi — k>0 q - ql

where B;(v) is the formal power series (2.5). Let U° be the polynomial ring on
the generators {Hi r}ieLrez- I The above assignment extends to an homomorphism

00 - Y0, .
Let now {gl. il meN be elements of ¥ 0 and define further

(Ei0) = D &xh

m=>0

Q(Fi0) = D & m¥im

m=>0

1 g0is isomorphic to the subalgebra U0 of Up (Lg) generated by {H; }; 1, re7 by the PBW Theorem for
Uy (Lg) [1], but we shall not need this fact.
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In terms of the shift operators al.i, the above may be written as

D(Ei0) = g (0;)x] 3.1)
D (Fi0) = g (07)x (3.2)

where

gl-i(v) = ngmvm € Y]

m=>0

with the completion of Y°[v] taken with respect to the N-grading which extends that
on Y by deg(v) = 1.

3.2 Homomorphisms of geometric type

If®: Uy(Lg) — ﬁ-(’?) is a homomorphism of the above form, we shall say that it
is of geometric type since its form is related to the Chern character in the geometric
realisations of Uy (Lg) and Y5 (g) discussed in Sect. 1.2.

Such a homomorphism has the following properties

—

(1) Tt restricts to a homomorphism Uh(Ls[é) — Y;,(s[é) for any I, where
Un(Lsly) C Uxp(Lg) and Yi(sl;) C Yi(g) are the subalgebras generated by
{Eir. Fir. Hi ez and {x;. & i)ren respectively.

(2) Itrestricts to a homomorphism Uy (Lby) — W), where U (Lb), Up(Lb_)
C Un(Lg) and Y;(by) C Yi(g) are the subalgebras generated respectively by
{Eir, Hir}ierrez, {Fir, Hirliel,rez and {x;:k, &ik}iel keN-

Note however that, unless giim = 0foranyi € Iand m > 1, ® does not map the
quantum group Urg = (Ej 0, Fi 0. Hi,0);e1 C Un(Lg) to Ugl[7i]] C Yr ().
33

The following result shows that the requirement that ® extends to an algebra homo-
morphism determines its value on generators E; i, Fj k.

Proposition The assignment ® is compatible with relations (QL2)—(QL3) if, and only
if

.
O(Eix) = € g (0,5 (3.3)
O(Fip) = & g (0, )xp (3.4)
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Proof We only consider the case of the E’s. Let i, j € I and k € Z. By (Y2),

+
[®(H;0). ®(Ej0] = [d; & 0. gF (0 )x )]

kot _
=" gl (0 ld &0, ]
=a;;P(Ej)

so that ® is compatible with (QL2). Next, if r € Z*, Lemma 2.9 yields

1 kot
[®(Hi ), P(Ej0)] = ———[Bi(r), &% g (0;)x] ]
qgi — 4;
qra,-j _ q—ra,-j . .
- 171 eroj ekUj gjr(gj_*)x;,ro
r(qi —q; ) '

[raijly,
= P(E )

and @ is compatible with (QL3).
Conversely, if ® is compatible with (QL3) then ®(E;,) = r/[2r], [P (H, ),

®(E; )] forr # 0and the computation above shows that this is equal to e”’i+ ®(Ei o).
O

3.4 Necessary and sufficient conditions

Let )»,.i(v) : Y% — YO[v] be the homomorphism defined in Proposition 2.10.

Theorem The assignment ® extends to an algebra homomorphism Uy (Lg) — I@
if, and only if the following conditions hold

(A) Foranyi, j el
8 WA w)(g; () = g; WA; (V)(g W)

(B) Foranyi € landk € Z

Hrgt ot w g w)| = d>°(‘”"”‘;¢”’;")
U= m qi —q;

(C) Foranyi, j € land a = d;a;j/2

u _ yvtah

v _ uxah
) = gFAEW) (g W) (L)

+ + + €
& (WA; (u)(gj (v)) ( v—uTah

u—vFah
Proof By construction and Proposition 3.3, ® is compatible with the relations (QL1)-
(QL3). The result then follows from Lemmas 3.5 and 3.6 below and the proof of the
g-Serre relations (Proposition 8.1). O
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3.5
Lemma & is compatible with the relation (QLS) if, and only if (A) and (B) hold.

Proof Compatibility with (QLS) reads

[D(EiL), D(F})] = aijé‘)(M)

1
qi — 4;

fori, j € Iand k,l € Z. We begin by computing the left-hand side. To this end, it
will be convenient to write formulae (3.3)—(3.4) as

k k
OEN =D ¢nPxt, and  eFEN=D 5,0

m>0 m=>0

+, (k)

where g; " € Y9 are defined by Zm>0 8. m(k) ek”gii(v). This yields

k - -
ENPFN= > g x0T,

m,n>0
— ()5 + (D _
- Z 8im ls(g]n )xzm+sxj,n
m,n,s>0
+,(k 1
= Z g, m( ) t+s (g] n()) (Xj nxl m+s+8l/§’ m+n+¥)
m,n,s>0
imi . LY — HOFES +, (k)
where we used (Y5). Similarly, ®(F; )P (E; ) —zm s g] I A 8in

- . Define R&D, L®D ¢ yO[[u, v]] by

]m+s in’

k 1 _
R(k n _ Z gl m( ). m Z)\ Zgj () il — ekuelvgl-‘r(u))\'l-}-(u)(gj (U))

m>0 5s>0 n>0
I k
L&D — Zg] ”(l) m Z)L] K Zng , (k) u ekuelvgj (v)A (v)(g;r(u))
m=>0 s>0 n>0

By the PBW Theorem 2.5, ® is compatible with (QLS) if, and only if R®) = L&)

and, fori = j,
RD _ oo Viktt = Pk
umv":gi’mﬂl ql _ ql71

The first equation is clearly equivalent to (A) and the second to (B). O
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3.6

Lemma & is compatible with the relation (QLA4) if, and only if (C) holds.
Proof We prove the claim for the E’s only. Compatibility with (QL4) reads
(Ei kit DP(Ej ) —q; " Q(Ej )P (Ej141)=q; " P(Ej DO (Ej 1) — P(Ej 14 DP(E 1)

for any i, j € I'and k,/ € Z. Assume first i # j and set a = d;a;;/2, so that
ajj

q;" = e, Since
Fosoh 4 vt Ay (o) ot
©(Ei,r)cb(Ej,s) =e% e’ 8i (Ol' ))L,' (Gi ) 8 (o) XioXio
JN 07,
the above reduces to
kot 107 4+, 4ty Ao+ + o tan\ + _+
e % e’ 8 (Oi ))‘i (Ui )(gj (O-j ) e’ —e’i xi,Oxj,O
ko ot 4o ANyttt Fan _ o) F
=e"% e’ gj (Uj ))“j (Gj )(gi (Ui ) e’ T — % xj’()xi’()
Using (1) of Proposition 2.8, we get
g.+ 0'-++ah
of _of+an) + + _ €7 —¢€/ +_ _+ + o+
(e i —eJ xi,oxj’o = +—+_ah o, — Gj —ah xi’oxj’o

O’i —O’j

+ +
. o tah
e —¢e’ + + o+

+
= —F—7F]T——\0. —O0.: —i—ah))ﬂ X.
O’i+—0’;_—ah ( i J J,07i,0

The PBW Theorem 2.5 then shows that the above is equivalent to (C).
Assume now thati = j, then

®(Ei,)P(Eiy) = (emi+ g (oi+)xl-"f'0) (e“’z'+gi+ (o )xifo)
K (emﬂ”esaiﬁz)gf("iﬁl))kf(Uifm) (gf(aiim)) Xl ® xiTO)
The compatibility with (QL4) therefore reduces to
9 (eka:“melaif(z) gi“»(alf(l)))“j(oﬂiil))(g? (Gi,+(2))) (e”:r(l) _ ecr;r(z>+d,-h) x;ro ® x;ro)
o (ezal.f(,) Y AT YR CAR AT Came) (e”;r(z)-i-d,-h B ea,-,*(n) Xy ® X;,ro)
that is, to
" ((ekal.‘f'(])elai‘f'm n eza;}l)ekaif(z))

+ t +dih
gi+(Ji_f_(l)))‘?(O-i:‘_(l))(g;_(aiﬁZ))) (ea"(” — %™ )XZLO ® xij,Lo) =0
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By (2) of Proposition 2.8 and Corollary 2.8, this equation is equivalent to the require-
ment that

u

Fart g ) (——— e

(U (U - (VU

8i ! 8i u—v—dh

be symmetric under u# <> v, which is precisely condition (C) fori = j. O

3.7

For later use, we shall need the following

Lemma Let {gijE (w)}ier C YOlu] be elements satisfying condition (B) of Theorem
3.4. Then,

1 —
&) = — mod ¥Olul,

i

where {dii},-el C C* satisfy d[.+dl._ =d; for each i € L. In particular, each gijE (u) is
invertible.

Proof Condition (B) for k£ = 0 yields

g ) (g )

um:&',m . —1

—

Computing mod 7, and a fortiori mod Y°[u],, yields

hd;
) e2 Hio _ o=3"Hio

Write gl.i(u) = pl.jE mod YO[u],, where pl.jE € Cltj,0]jer. Computing mod YO[u],,
we get

g if ) (g w)

o p,~+(tj,o)/\;;ro(p,»—(tj,o))éi,o = P;r(tj,o)Pi_(tj,o —d;a;j)&i0

where we used (8) of Proposition 2.10. Comparing both sides and using &0 = ;o
yields the claim. O

4 Existence of homomorphisms

In this section, we construct an explicit homomorphism U, (Lg) — 1@ by exhibit-
ing a joint solution to equations (A)—(C) of Theorem 3.4. We begin by giving an
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intrinsic expression for the right-hand side of equation (B) (Proposition 4.2). Until
4.7, we fix i € I and consider the subalgebras UI-O c U, Yl-o C YV generated by
{H;}rez and {€ ,},cn respectively.

4.1 The functions G(v) and y;(v)

Consider the formal power series

G@):kg(gﬁéiqﬁ)erﬂﬂ] @.1)

—

Define y; (v) € Y [v], by

=Y 0,y G

!
r>0

Recall that B; (v) = & ZrZO i, ‘;—r, is the inverse Borel transform of #; (). This allows
us to write y; (1) more compactly as

i) = =Bi(=3,)G'(v) (4.2)
4.2

Proposition The following holds in I//? foranyk € Z

ik — bik h
o —— )= — & exp (ri()|
qi — q; qi — q; V=

i,n

The above identity will be proved in Sects. 4.3—4.6 by injectively mapping both
sides to a family of polynomial rings, and verifying their equality there.

4.3 Universal Drinfeld polynomials
Fix an integer m > 1. Following [26,33], consider the rings

S(m) = Clg*', AT, ..., A1
R(m) = Clh,ay, ..., an)°"

Define a homomorphism DY . ﬁio — S(m) by

DY ((2))

m g — ~14
[T = V@i 43)
p=1 T4
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where the first and second equalities are obtained by expanding the middle term in
powers of z~! and z respectively. Similarly, define DY : Yl.0 — R(m) by

- dih —
DY (& () = H s (4.4)

u—ap

The homomorphism DY (resp. DY) gives the action of v;(z), ¢; (z) (resp. & (1)) on
the highest weight vector of the indecomposable Uy, (Lsly) (resp. Yz (sl)) module with
Drinfeld polynomial (1 — Al_lz) .1 = A,;lz) (resp. (u —ay) ... (u — ap)).

4.4

The following result spells out the image of the generators of U 1.0 and Yi0 under DY
and DY respectively.

Proposition

(1) The following holds: DY (;.0) = q" = DY (¢i.0)~" and, for any r € N*

~1
o= woah a9 s

p'#p r

—1

_ _ qA —(q; A

DY($i ) = —(gi —gq; ") ZA/ [1——" @0

p=1 P'#p P P

Moreover, DY maps H; o to m and, for any r € Z*,
—2r m

DY((gi —q; D Hir) = Z Al 4.7

(2) The homomorphism DY maps &; o to dim and, for any r € N

+ dih
D) =, S a [ L A 8)

—a
=1 pAp P

Moreover, for any r € N,

Y _ 1 P —
Dl =y 2 n @2
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3) If Bi(v) € Yio[[v]] is the series defined by (2.5), then
y _ —dihv M
DY (Bj(v)) = —— apv .
(Bi(v) —— D (4.10)
p=1
Proof
(1) The fact that DY (;,0) = ¢ = DY (¢1,0) ! follows by taking the values of the

(@)

3)

middle term P(z) in (4.3) at z = oo and z = O respectively. Next, the partial
fraction decomposition of P(z) is readily seen to be

©giz— g 'A, 1
[ Ao _gmyiqi- )ZA I14 Ap_’Ap —

p=1 P'#p
4.11)

The relations (4.5)—(4.6) follow by expanding this into powers of z~! and z
respectively. For later use, note that the evaluation of (4.11) at z = 0 yields the
identity

DY Wi~ di0) = 4" — 4" = (@i —q; )ZH% q’ 4.12)

p=1p'#p

Since DY (yi,0) = ¢, it follows that DY (H; o) = m, and

m
- - — z—q; A
PV (exp (@ =o)X Huz™ | | =DV win = [[ 2L
p=1 P

s>1

taking the log of both sides and expanding in powers of z ! (resp. z) yields (4.7)
forr > 0 (resp. r < 0).

The fact that DY (&,9) = d;m follows by taking the coefficient of u~! in (4.4).
The partial fraction decomposition of DY (&i(u)) is

ﬁ u+dih — —1+dhz Ha,, ay +dih 1

u—a —da u—a
P p=1 \pzp 2T P

and (4.8) follows by taking the coefficient of " ~!. Taking the log of both sides
of (4.4) yields

DY () = > —log (1 - apu_l) 1 log (1 —(ap - d,-h)u—l) (4.13)
p
and therefore (4.9).
Follows by applying (2.7) to (4.4). O
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Corollary The homomorphism DY : Yi0 — @D,,>1 R(m) is injective.

Proof This follows from (4.9) and the fact that the power sums Z » are algebraically
independent. O

4.5

Let R/(;) be the completion of R(m) with respect to the N-grading defined by
deg(n) = deg(ap) = 1. Since the map DY : Y0 — R(m) preserves the grading,

1
it extends to a homomorphism Y0 — R(m)

Corollary Let ch: S(m) — R(m) be the homomorphism defined by

h/2

a
qgr—e and  Ap —> €%

Then, the following diagram commutes

~ U
Ul-0 > . S(m)

J o

DY —
Y) ————R(m)

where ®° is defined in Sect. 3.1.

Proof Tt suffices to check the commutativity on the generators {H; ,},cz of 01.0. The
statement now follows from (4.7), (4.10) and the fact that, for r # 0, CIDO(H,;,) =

Bi()/(gi —q; )| . o

4.6 Proof of Proposition 4.2

By Corollaries 4.4 and 4.5, it suffices to prove that, for any k € Z,

Ch( (wz ¢tl )) %DY (ekv exp (Vi(v))‘ )
qi — 4, 9i —4; e

By (4.5)—(4.6) and (4.12), the left-hand side is equal to

ch | > ak qu g
P

P'#p
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We now compute the right-hand side. By (4.2) and (4.10),

L1 = ed,«hav
DY (yi(v)) = z e_al’dva—avG(v) = § G —ap) — G —a, +dih)
v
P

where we used e*® G (v) = G(v + a). Thus,

—1 a

Y (kv _ _ kv v—ap g’ —gq; e
D (e exp(%(v)))—e Hv—a,,+d,~h RIS

—

By (4.8), the substitution v" = &; , in a formal power series F € Yl.o[v] gives

DY (F(0)|pr=g,) = d; ZDY(F(ap)) I ap — ap +dih

—a
P'#p ap 4

Since (v—a,)/(e’—e) = e % and (qie”—q.*le"!’)/(v—a +dih) =
P Uqlp 1 P =

P

e (q; —q; ) /d;h, this implies that

DY (¢ exp (0o,

-1 —1_a
_ 44 Zekap I ap —ay  qie"r —q; " ap —ay +dih
- . a, _ .4, —
h p'#Ep ap —dap +dih e’ —er ap —apy
IS [
edp — e’
P'#p
as claimed.

4.7 A joint solution to equations (A)—(C)

Proposition 4.2 suggests replacing equation (B) of Theorem 3.4 by the stronger require-
ment that, for any i € I

h ~
g WA W)(g ) = e R AO) (B)

Using equation (A) for j =i and u = v then shows that

h
g WA )(g ) = e R
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Applying the operator A; (v) to the first of these equations, and using )Ll.* (WA; (v) =id
(Proposition 2.10) and the second equation, yields A (v)(y; (v)) = y;(v). Similarly,
applying )Ll*(v) to the second of these equations yields )\;"(v)(y,'(v)) = y;(v). This
suggests in turn that a solution to the above equations may be given by gl.ﬂE ) = gi(v),

where
" 1/2 )
i (U
gi(v) =(—_1) exp (—V2 ) (4.14)
qgi — 4;

We now show that this is indeed the case.

Theorem The series gii (v) = gi (v) satisfy the conditions (A),( B )and (C) of Theorem
3.4, and therefore give rise to a homomorphism ® : Up(Lg) — Ypg.

4.8

We shall need the following

Lemma Leti, j €1, and set a = d;a;j/2. Then,

W (50) = gep (LB O0 )

2
where G (v) is given by (4.1).
Proof By Proposition 2.10,

ahv _ e—ahv

Since yj(v) = —Bj(—0,)0,G(v), we get

eahav —ahdy

e hy,G(v)

Ay () =y () + -
=y;(v) £ (G(v —u +ah) — G(v — u — ah))

The claim follows by exponentiating. O

4.9 Proof of condition (A)

We need to prove that for every i, j € I, we have

i A (W) (g () = g (A} (v)(gi (W)
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By Lemma 4.8, this is equivalent to

G(v—u+ah)—G(v—u—ah))
2
G(u—v—ah)—G(u—v+ah))
2

gi(u)g;j(v) exp (

= gi(u)g;(v) exp (

The result now follows since G is an even function.

4.10 Proof of condition (B)

Lemma 4.8 implies that

G(dih) — G(—d;h
g AT ) (gi(w)) = g,-<u)2exp( (i) — G(=dil) )

2
= gi(u)?

h
= ———exp(vi(w)
qi — 4;

where the second equality holds because G is even.

4.11 Proof of condition (C)
Leti, j € Iand seta = d;a;;/2. We need to prove that

u __ ev:l:ah vo_ eu:l:ah

2 (AE W) (8 (1) ———— = g (WA () (gi () ————
! u—vFah J v—uFah

By Lemma 4.8 and the fact that G is even, we get the following equivalent assertion

u __ ev:l:ah vo_ eu:l:ah

[§]

exp(Gv —utah) =Gl —uFah) —r—"w = "= =

Using the definition of G, the above becomes the equality
Vv —u+akh el — eu:l:ah el — ev:l:ah el — eu:l:ah
(e”i“h —e“) (v—u:Fah) (u —v:Fah) T v—uwah

5 Uniqueness of homomorphisms

The aim of this section is to prove that homomorphisms of geometric type are unique
up to conjugation and scaling.
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5.1

Let G be the set of solutions g = { gijE (u)}iex of equations (A)—(C) of Theorem 3.4.

—

Given a collection r = {rl.i (u)};c1 of invertible elements of YO[u], set
rog={r - g e

Lemma Let g € G. Then, r - g € G if and only if the following holds
(Ag) Foranyi, j €1,

A @) (7 () = r; AT @) W)
(By) Foranyi €1,
@A @07 W) = 1= r7 W7 @) @)
(CE) Foranyi, j €1,
rE @A @) (7 () = 17 )AF @) 0 W)

Proof Leth =r - g. The following assertions are straightforward to check

e h satisfies (A) if and only if r satisfies (Ap).
e h satisfies (B) if r satisfies (Bg).
e h satisfies (C) if and only if r satisfies (C(jf).

There remains to prove that if h lies in G, then r satisfies (Bo).
We claim that (Ag) and (Cét) imply that ¢;(u) = r;“(u))»l*(u)(ri_ (u)) lies in
Cl[#, u]]. Assuming this, write ¢;(u) = Y, cl(")u”, where cf") e C[[#]]. Then,

(ki GRS () (hy (u)))

e, = (g @A @ (g7 )|y

= > (g waf (g @),

n>0

= ci(a) (g WAl (W) (g w)))

=&i.m+n

W=

where ol.o : Y% — Y9 is the algebra homomorphism defined by 0,.0 &jm) = &jm+s;;-
Since both h and g satisfy (B) with k = 0, this yields

hd;
e 2

hd; hd; hd;
Hio _ o= Hio e2 Hio _ o=3"Hio

o’ =ci(c”)®°

q9i — 4, qgi — 4;

Aninductive argument using the C[#]-linear N-grading on Y given by deg (¢ jm) =m

and deg(#i) = 0 then shows that ci(o) = 1land cl.(") = Oforanyn > 1, so that r satisfies
(Bo).
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To prove our claim, set
ci) =r" AT @7 W) = r7 @A; @) ;" (u)

sothatr;” (u) = ¢;(u)A; (u)(rlﬂ'(u))_l. By (Ap), the following holds forevery i, j € I
i@t @) (¢ A7 0T ™) = ¢ A7 T 7] @0 )
Since )»:r(u) and )»jf(v) commute, we get

A7 @) e ) (17 @A 6T ) = ¢ A7 ) (FF@if @ )
= ;2 ) (1] @2 @ )
= ¢;) (i @37 @ F @)

where the second equality uses (Car ) and the third one A;(v)kj(v) = 1. We have
therefore proved that 4 '

)»j'(u)(cj(v)) =cj(v) foreveryi,jel

By definition of the operators kii, this implies that the coefficients of c;(v) lie in the
centre of Y (g), which is trivial. O

52

The uniqueness of homomorphisms of geometric type relies on the following

Proposition Let {riJr W}ier C 1+ Yo[u]+ be a collection of invertible elements

satisfying condition (C(')Ir ) of Lemma 5.1. Then, there exists an element £ € 1 + Y0,
such that, for any i € 1

rFw) =& A wE™!

Moreover, if ¢ € ?BX is any element such that ri"'(u) = -)»j' (u)(g‘)_l, then ¢ = c&
for some ¢ € C[[h]]*.

The proof of Proposition 5.2 is given in Sects. 5.3-5.9.

53

We begin by linearising the problem. Set

—

7i(u) = log(r; (u)) € YO[ul,
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By condition (CO+ ), the following holds for any i, j € I
(@) = DF; ) = (] () = DEFE W) (5.1)
and we need to show that
7i(u) = (4 () = 1n (5.2)

forsome n € Y0,

5.4 Rank 1 case

We assume first that |I| = 1 and accordingly drop the subscript i from our formulae.
We shall prove (5.2) by working with an adapted system of generators of Y°.
Recall that, by Proposition 2.10,

O ) — D) B() = —eTe"“

k
Define B'(v) = Z % 1; by equating the coefficients of v in
k>0

n

Feon v _ hiv v
Bl =g BO) = - — - >

hv _ a—hv |
c n!
n>0

The elements {7, };c give another system of generators of Y which are homogeneous,
with deg(t,i) = k = deg(#;) for any k € N, and satisfy

A ) =1+ u (5.3)

55

Since the operator AT (1) : Y° — Y°[u] is homogeneous with respect to the N-
grading extending that on Y by deg(u) = 1, it suffices to prove (5.2) when 7 (u) is
homogeneous of degree n € N. Moreover, since A" (1) is C[/2]-linear and the formulae
(5.3) do not involve 7, we may further assume that the coefficients of 7(«) lie in the
C-subalgebra YO c Y© generated by the {1;}.

An element of W[u]n has the form

Fau)= D aptju" " (5.4)

[n|<n
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where a,, € C[ty] and, for a partition u of length /, we define #;, =, ...t,, . The

proof of the existence of n € W,, such that (A" (u) — 1)(n) = 7(u) proceeds in two
steps:

(1) Show that, modulo elements of the form (A1 (x) — 1)(1),

Fu) = Z aptlu" " (5.5)

lul<n
where a,, € C do not depend on 7).
(2) Show that any 7(u) of the form (5.5) is equal to (A" (u) — 1)(n) for some n € YO,,.
5.6 Proof of (1)

For r(u) € W,, of the form (5.4), choose b, € (C[t(’)] for every v F n such that
by (ty + 1) — by (tg) = a, (1)
Then

Fu) — W) — 1)(vat;) = > atu" "

vkn pu|<n

for some a;L € CJzy], so that we may assume that 7 (u) is of the form (5.4) witha,, =0
for any p - n.
Write now

W) = DF@) = > (aulto + 1) — au(to)) tju"
|l <n

+ D aulio+ 1) [ D e, Myl

[ul<n vCpu
where c(v, @) is the number of ways of obtaining v by removing rows from w. By

(5.1), the above expression is symmetric in # and v. Its value at u = 0, which is 0,
must therefore equal its value at v = 0, thus leading to

> (aulto+ 1) — au(to)) tyu" M =0
lpel<n

which implies that a,, € C for any L.
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5.7 Proof of (2)

Let 7(u) be of the form (5.5). For any 0 </ < n, write

ri(u) = z apt,u" "
|l <n
()=l

so that 7(u) = >, 71(u). We proceed by induction on the largest positive integer k
such that 7 (1) # 0. If k =0, then 7 (1) = cu” = (AT (u) — D(ct)).

Assume now that k > 0 and let D(u) : YO — YO[u] be the differential operator
D(u) =, u"d; . Since At — D) = u* we get, for any partition 1

W) — 1)(t,) = D(u)(t;,) + terms of smaller length
Thus, (5.1) implies that
D@u)ry(v) = D(v)rg(u)

This cross-derivative condition implies the existence of n € Wn such that () =
D(u)n. This implies that 7 (1) — (AT (1) — 1)(n) has smaller k.

This completes the proof of the existence part of Proposition 5.2 when g is of
rank 1.

5.8 Arbitrary rank

The argument for arbitrary g rests on the following

Lemma There exist generators {w; ;}ierren 0f Y O which are homogeneous, with
deg(w; ) = r and such that

)»ii(u)wj,r =wj, x4 ju’
Proof By Proposition 2.10, the generating series B;(v) = h zrzo tjrv"/r! satisty

(AE@) — DA B (v) = F04; (v)e

where Q;;(v) = 2sinh(hid;a;jv/2)/hv. Since Q;; = d;a;; mod A, the matrix Q =
(Qij) is invertible. Set B/(v) = —h~' > ; Q;Bj(v). Then (A (u) — DB)(v) =
+48;;¢"¥ which, in terms of the expansion B;(v) = > @; v"/r! yields the required
transformation property.

Since deg(v) = |1, the stated homogeneity of the w;, is equivalent to
Ad(0)(B[(v)) = B;(gzv) where Ad(¢) denotes the action of ¢ € C* on
Yr(g)[[v]] corresponding to the N-grading. This in turn follows from the fact that
Ad@)(7~"'Bj(v) = B;j(¢?v) and Ad($) Q(v) = Q(£2v). O
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Using the generators w; ,, the proof of the existence part of Proposition 5.2 in
higher rank follows the same argument as the one used for proving the sufficiency
of the cross-derivative condition (here the existence of a primitive for any i € I is
guaranteed by the rank 1 case).

5.9 Uniqueness of &
Let¢ € I//T)X be an element such that r;’(u) =¢ -A;’(u)(g“)’l for each i € I. Then

AT e = A @rtweE) !
=r ) e wET!

=¢g!

By Proposition 2.10 (6), we get that )Lii(u)(gé_l) = {é_l foreachi € I. By definition
of the operators )f (u), this implies that the coefficients of ¢&~! lie in the centre of
Y1 (g), which is trivial. This completes the proof of the last assertion of Proposition 5.2.

5.10 Torus action

The adjoint action of h on Yj;(g) exponentiates to one of the algebraic torus H =
Homgyz(Q, C*) where Q C b* is the root lattice. This action preserves homomor-
phisms of geometric type and acts on the corresponding formal power series by
¢ - {gii )} = {Ciilgii(u)} where H 5 ¢ — ¢ = {(w;) is the ith coordinate function
on H.

5.11 Uniqueness of homomorphisms of geometric type

Theorem Let &, ' : Uy(Lg) — @ be two homomorphisms of geometric type.
Then, there exists { € H and & € 1 + YO such that

' =Ad(E) o (¢ - D)
Moreover, ¢ is unique and & is unique up to multiplication by ¢ € C[[h]]*.

Proof Let {gl.i(u)}, {h,i(u)} C YO[[u]] be elements of G corresponding to ® and @’
respectively. By Lemma 3.7, we may use the action of H to assume that gilL (u) = hllL (u)

mod m+. By Lemma 5.1, the elements rii(u) = hli(u) . gl.jt(llt)_1 el+ m+
satisfy conditions (Ag )—(C(j)t). By Proposition 5.2, we may find an element& € 1+Y9,
such that ;" () = & - A" () (™). It follows that for any i € I

@'(Ei0) = h (0;)xy

— o e (o)t
=1, (0778, (0;)x;9
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= ExF (o) E g (07
= sg;‘r(ai—i_)xi—f_oé_l
Moreover, for any r € Z,
O (E;,) = @ (Ejo) = % ED(E; )6 = ED(E; )&
By (Bo), r; (w) = A7 (w)(r;" ()™ = &7 (u)(™") and it follows similarly that
(F;,) = 5@(}«}])5_1 forany i € Iand r € Z. Since ® and &' coincide on U°
and Ad(§)(n) = nforany n € YY it follows that &' = Ad(&) o ®. The last assertion

of Proposition 5.2 implies the uniqueness of £ up to multiplication by an element of
ClIalr=. O

6 Isomorphisms of geometric type

We prove in this section that any homomorphism of geometric type & : Us(Lg) —

Y1 (g) extends to an isomorphism of completed algebras and induces Drinfeld’s degen-
eration of Uy (Lg) to Y3 (g).

6.1 Classical limit
The specialisations of the quantum loop algebra Uy (Lg) and Yangian Y;(g) ath =0
are the enveloping algebras U (g[z, z~']) and U (g[s]) respectively. Specifically, if
{ei, fi, hi}ie1 are the generators of g given in Sect. 2.1, the assignments

ei® > Eix. fi®d > Fix h®d > Hy
and

1
6 ®s — —x" fi®s —

;i

extend respectively to isomorphisms

1 _ 1
ﬁxi’r’ hi @s" — d_iSz’,r

Uglz, 2 ') = Un(Lg)/hUs(Lg) and  U(gls]) — Ya(g)/hY5(g)

Proposition Let @ : Uy (Lg) — m be the homomorphism given by Theorem 4.7.
Then, the specialisation of ® at h = 0 is the homomorphism

exp* : U(glz. 27'1) — U(alls])) € Ugls])

given on gz, 27 '] by exp*(X @ z) = X ® €.
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Proof Since ®(H; o) = dflt,;o and, for r # 0,

1

®(H; ) L S rt
ir) = —————71 k55
qgi — 4; ! k!

setting i = 0 yields ®|,_o (h; ® z°) = h; ® 59, and

k.k
s°r ;
— =hi®e"

1
q)|h=0(hi®zr)zzzdihi® o

! k>0

Further, since g;r(u) = \/LE mod 7 by (4.14), we get
1 + skrk
. N alo; . 0_ . 2 L. rs
Dlp (e ®2) = Jd_ie die; ®s ,EO G@®— - =e®e

where we used the fact that, in the classical limit, the operator of corresponds to

multiplication by s. Similarly, ®|;—o (fi ® ") = fi ® €'%. O

6.2

Let J C Uy Lg be the kernel of the composition

UsLg = U(Lg) < Ug
and let
Un(Lg) = lim Uy (Lg)/T"
be the completion of Uy (Lg) with respect to the ideal 7.

Theorem Let @ : Uy (Lg) — %be a homomorphism of geometric type. Then,

(1) ® maps J to the ideal %Jr = [l,=1 Ya(@)n-
(2) The corresponding homomorphism

@ : Un(Lg) — Ya(g)
is an isomorphism.
Proof (1) Note first that J is generated by nUy(Lg) and the elements {H;, —

Hi s, Eir—Eis, Fi,r — Fi s}ielrsez since its image in U (g[z, 7 1Dis generated
by the classes of these elements. Note next that, for r, s 7 0
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h rf—s
C(Hiy — Hiy) = ——— > ik
while

i~ 4 > qi — q,

h _
®(H;r — Hio) = p——— Z tzk +( —d; 1)ti,o

which lies in [ [, | Y4 (g). since i/ (g; — qi_l) = di_l mod 7. Finally, forr, s €
Z, B
®(Ei, — Eig) = (€% — e gl (0 )ei0 € T

and similarly ®(F; , — F; ;) € J.

(2) By Theorem 5.11, it suffices to prove this for the explicit homomorphism given

6.3

by Theorem 4.7. The result then follows Proposition 6.3 below and the fact
that, by Proposition 6.1, the specialisation of ® at i = 0 is an isomorphism

U(glz. z'1) — U(gls)). 0

Let J C U(glz, z'1) be the kernel of evaluation at z = 1 and U/(L\g) the completion

of

U (Lg) with respectto J.

Proposition (1) m) is a flat deformation ofU(gE\,Fl D.
(2) Yn(g) is a flat deformation of U (g[s]) over C[[1]].

Proof (1) Set, for brev1ty U= Uh(Lg) and U =U(glz, z~1). We claim that I/ is a
flat deformation of I/ / hid, and that I / hucongU

To prove the first assertion it suffices to show, by [21, Prop XVI1.2.4], that Uisa

separated, complete ang torsion-free C[[72]]-module. To show that it is separated, note
that & € 7, so that A*Uf C limJ* /7" and

To

n>k

() 7"t = {0}

k=0

show completeness, note that

U/HU = Tim U/ J™) /B URU N T") = lim

n

uar itn<k
URKU+ T" ifn >k

from which it readily follows that the map

U— lima/hkﬁ
k
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is surjective. Finally, to prove that U is torsion-free, note that the kernel of multiplica-
tionby ionU/J" is ! (hUNTJ")/T". We claim that il N JT" = AJ"!, which
implies that the kernel of 7 on Uis lim,, J ”_1/ J" = {0}. To prove the claim, use the
flatness of U to identify it with the C[[#]]-module U[[#]], so that 7 = J @ AU[[A]].
Letay,...,a, € J and write a; = a? + ha;, where a? € J and a; € U[[h]]. Then

ai...ay :a?az...an mod AJ" = ... =a?...a2 mod 27" !

from which the claim follows.
The fact that U/ /Al = U follows by taking limits in the sequence

0—h (U/j"—l) SUIT S U =0

The latter is exact since, under the natural surjection i/ — U, the ideal 7" is mapped
to J" with kernel iLd N J" = hJ" !,

(2) Since Y3 (g) is the completion of Y3 (g) with respect to the ideal Y7 (g)+ of ele-
ments of positive degree, it follows as in (1) that it is a separated and complete C[[/#]]-
module. The lack of torsion of Yy (g) implies that Yz (g) N Yr(g)". = hYs (g)f’;l and

therefore that % is torsion-free. Thus, m is a flat deformation of

—

Ya(8)/hYn(9) = Ya(@)/hYa(g) = Ugls])

as claimed. O

6.4 Drinfeld’s degeneration
Consider the descending filtration
Un(Lg) =T’ DT DT> D (6.1)

defined by the powers of J and let gr 7 (U (Lg)) = Eano J" )T be its associated
graded.

Theorem ([10,17]) Let {dl.i}id C C* be such that d;rdf = d;. Then, the follow-

ing assignment extends uniquely to an isomorphism of graded algebras Yy (g) >
gr7(Un(Lg))

§io— diHio € Un(Lg)/T
xjg > di" Eio € Un(L@)/ T, x> d; Fig € Un(Lg)/T
e d (Eiy — Eio) € T/ T?, X, —>d; (Fi1—Fip) € J)T?

RS

Remark The factthat Uy (Lg) degenerates to Y7 (g) is stated, without proof, in [10, §6].
The formulae above and the proof that they define an isomorphism Y5, (g) = gr 7 (Urg)
are given in [17].
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6.5 Relation to Drinfeld’s degeneration

By Theorem 6.2, a homomorphism of geometric type ® induces a homomorphism

gr(®) : gry(Un(Lg)) — Yalg) = Y1 (9)

Y (g)+

— X
Let {gl.i(v)} C YOv] be the elements defining ®. By Lemma 3.7,

1 —

gl.i(v) = = mod YO[v], (6.2)

for some dl.lL € C* such that di+di_ =d;.

Proposition gr(®) is the inverse of the degeneration isomorphism 1 : Yp(g) —
Urn(Lg) given by Theorem 6.4.

Proof Itsuffices to verify the claim on the generators {§; o, x i 0, 1}161 of Y1 (g). Now,

gr(®) o 1(§,0) = gr(®)(diHi o) = &i0
and

gr(®) o 1(x)) = di" ®(E;0) mod Yz(g),
= dl.‘" gi+ (oﬁ)x{f’o mod Y5 (g)

_ o+
= X0

by (6.2). Moreover,

gr(®) o l(X,-Jf]) =d ®(E;1 — Eip) mod Yi(g)=

+ —_—
=df (% — g (o;)xy mod Y5(g)-s

_ o+
=Xi1

And similarly gr(®) o1(x; ) = x; forr =0, 1. O

7 Geometric solution for gl,,

In this section, we construct a homomorphism of geometric type for gl,, and show
that it intertwines the geometric realisations of the corresponding loop algebra and
Yangian constructed by Ginzburg—Vasserot [15,34].
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7.1 The quantum loop algebra [8]

Throughout this section, we fix n > 2 and mostly follow the notation of [34]. Set
I={1,...,n—1}andJ = {1, ..., n}. Then, Us(Lgl,) is topologically generated over
Cl[n]] by elements {E; ,, F; ,, Dj r}iel, jey,rez- To describe the relations, introduce
the formal power series

Ei() =) Eijz” Fi(@) = Fi,z"

reZ re

and

hD; o
+ + : Js -1 :
0 () = E @j.,iszm = exp (:I: > )exp +(@g—q ) E Dj 45z

s>0 s>1

The relations are
(QL1-gl) Forany j, j' € Jandr,s € Z,

[Dj,}’v Dj/,s] =0
(QL2-gl) Foranyi e Iand j € J,
07 D EW)OF (@)~ = Ve, (g7 z/w)Ei (w)
07 @QF w07 (@)~ = e, (g9 z/w) " Fi(w)

where C/l = _8_]1 —+ 8,] i+1, l?m (;) = q;yz‘_anl, and the right'hand side is

expanded in powers of zF!.2
(QL3-gl) Foranyi,i’ €1,

Ei(2)Ey(w) = V4, (¢ 2/w) Ey () E; (2)

Fi(@) Fir(w) = 94, (q' " z/w) ™" Fy(w) F; (2)
where a;;» = 28;; — 8);_;|,1 are the entries of the Cartan matrix of sl, and
the equalities are understood as holding after both side have been multiplied

by the denominator of the function .
(QL4-gl) Forany i, i’ €1,

+ —
(@ — g~ DLE @), Fr(w)] = 8:.8(z/w) (6"“(Z) - 6"“(Z))

0 () O ()

where §(¢) = >, .7 ¢" is the formal delta function.

2 note that the expansions in 7% 1 are related by the symmetry v, @ H=9_,0.
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(QL5-gl) Forany i, i’ € I'suchthat|i —i'| =1,

Ei(z)Ei(z2)Er(w) — (g + ¢ DE;i(z))Ey(w)Ei(22) + Eir(w)E; (z1) E; (22)
+(z1 < 22)=0

Fi(z)Fi(22) Fy(w) — (¢ + ¢~ ) Fi(2)) Fy (W) F; (22) + Fyr (W) F; (1) F; (22)
+(z1 < 22)=0

For any i, i’ € Isuch that |i —i'| > 2,

Ei(2)Ei(w) = Ey(w)E;(z)
Fi(2) Fyr(w) = Fyr(w) Fi(2)

In terms of the generators {E; ;, F; », Dj ,}, the relations (QL1-gh)—(QL4-gl) read

—ejor L€jir]

[Djo, Eirl=cjiEix [Dj, Eixl=gq E; ktr

»Lejir]

[Djo, Fixl=—cjiFix [Dj,, Fixl=—q Fiktr

. o . )

G EijEpg—q " Ei Epy1 =q% " Ey 1Eij41 —q' Ev+1Eik
i i’ i __+-/

q“" " Fixs1Fp g —q' FixFirgs1 = q ' Fp Figr — g Fpgg Fig
+ —

P — Piyy

q— -1

[Eik, Firyl =i
q

where P"(2) = 3.0 P27 = 07,,(2)/ 0] (2)
We denote by U° C Uj(Lgl,) the commutative subalgebra generated by the ele-
ments D ;.

7.2 The Yangian Yy (gl,)

The following definition can be found in [25, §3.1]. Yz (gl,,) is the algebra over C[#]
generated by elements {e; ;, fi.r, 0}r}icl, jeJ,reN subject to the following relations.>

(Yl-gl) Forany j, j/ € Jandr,s € N,
[Gj,rv Gj/,s] =0
(Y2-gl) Forany j € Jandi €1,

(0.0, €is] = cjieis

[0.0, fis] = —cji fis

3 our conventions are adapted to [15,34] They differ from those of [25] by the permutation ¢; , < fi »

and the relabelling 6; , < h; ;.
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[0jr+1.€iis] = [0).r+ €is1] = icjieis0)
[0jr+1. fiis| = [0)r: fis+1] = —hcjib) fis

where ¢j; = —(8j; — 8;,i+1).
(Y3-gl) Foranyi €1,

leirv1seis] — [eirs €ist1] = Rleireis + eiseir)

[fi,r+lv fts] - [fi,rs fi,s—H] = _h(fi,rfi,s + ftsftr)

Foranyi e I\ {n — 1} andr,s € N,

[ei,r—Ha ei—H,s] - [ei,rv ei+l,s+l] = _hei+1,sei,r

[firs1. fivrs] = [firs fivrse1] = Bfir firts

(Y4-gl) Foranyi,i’ €1,
leir, fir.s] = 8i i Dirts

where p;(v) = 1+5h2 . ¢ prv " =6 (06 (v) L
(Y5-gl) Foranyi,i’ € Isuchthat|i —i'| = 1,and r, rp,s € N,

[ei,rl , [ei,rzv ei’,s]] + [ei,rz, [ei,rls ei’,s]] =0
[fi,rl , [fi,rzs fi’,s]] + [fi,rz, [fi,rp fi’,s]] 0

Fori,i’ e Isuchthat|i —i’| > 1,and r,s € N

[ei,r, ei’,s] =0= [fi,h ﬁ,’s]

The Yangian Yj(gl,) is N-graded by deg(e; ,) = deg(fi,,) = deg(0;,) = r and
deg(h) = 1.

7.3 Shift homomorphisms

Let YO C 13 (gl,,) be the commutative subalgebra generated by the elements {0; ,}
and Y+, Y~ C Y(gl,) the subalgebras generated by Y and the elements {ei r} (resp.
{firD),ielLreN.

For any i € I, define, as in Sect. 2.6, a Y 0_linear homomorphism oii of Y* by
el r = il ris,, (resp. fir, — f,-/,,_Hg”_,). The definition of ol.jE relies on the PBW
theorem for Y3 (gl,,), which is proved in [27].
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7.4 Alternative generators for Y°

Define an alternative family of generators {d; ,}jcy,ren Of ¥ O by

diw)=hY dju""" =log®;w)

r>0

vr
SetBj(v) =h Z dj, prl eyY O[[v]]. The following commutation relations are proved
r>0 ’
exactly as their counterparts in Lemma 2.9.

Lemma The following holds for any j € Jandi €1,

1— e—cj','hv "
[Bj(v), eis] = — " ey
1 — e—Cjihv
[Bj(v), fis] = —760" Y fis

7.5 The operators )Lii(v)
The following result is analogous to and proved in the same way as, Proposition 2.10.

Proposition There are operators {)\?-:S}iel,xeN on Y such that the following holds.

(1) Foranyé& € Yo,

eirk = D A (E)eirts

5>0

fir =D M () firss

5s>0

(2) The operator )f(v) Y9 — YOv] given by

AE)E) =D A E

seN

is an algebra homomorphisms of degree 0 with respect to the N-grading on Y°[v]
extending that on Y° by deg(v) = 1.

(3) The operators A{(v) and )»f,/(v’) commute for any i,i’ € 1 and €,¢' € {£}.
Moreover,

AF (A (v) = 1d
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(4) Foranyi €eland j €],

" e—c_/;hvz -1
()L,' (v1) — 1)Bj(U2) = iv—zevlvz (7.1)

7.6

Let {gijE (u)}ie1 be a collection of elements in Y 9[u]. Define, as in Sect. 3.1, an assign-
ment P : {Ei,r, Fi,r’ Dj,r} g Yh(g[n) by

D(Dj0) =050
Bj(r)

— qfl

®Dj,) = p forr #0
+

O(Eip) = gt eio

O(Fip) =% g7 (07) fio

and denote the restriction of ® to U? by ®°. For any i € I, set

g =1+hr> &u" " =010 " e YOu ]

r>0

Pr(2)=> P ™ =07,006 ) " et

5>0

Theorem The assignment ® extends to an algebra homomorphism if and only if the
Jfollowing conditions hold.

(A) Foranyi,i’ €1,

g AT () (g () = g7 (VA5 (V)(g7 ()

(B) Foranyi e landk € Z,
Pt — P
— k k
Mgt AT ) (g )l = ¢°(—; — )

(CO) Foranyi,i’ € Isuchthat|i —i'| > 1,
g AT (W) (g7 (V) = gir (WAL (V) (g7 (u)

(C1) Foranyi €1

vth v uth

gFAE ) (gE ) ——— = gFWnEw) (gt ) ——
u—vFh vV—uFh
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(C2) Foranyi € I\{n — 1},

u v

u—h/2_ev+h/2)i1

+1
grWE (g, () (e ) — gt (A5 () (g W) (e

u—v u—v—nh

The proof of Theorem 7.6 is given in Sects. 7.7-7.11. It follows the same lines as
that of Theorem 3.4, with the exception of the g-Serre relations (QL5-gl) which are
proved directly.

7.7

A proof similar to that of Lemmas 3.5 and 3.6 yields the following

(1) @ is compatible with the relation (QL4-gl) if, and only if (A) and (B) hold.
(2) @ is compatible with the relation (QL3-gl) if, and only if (C0)—(C2) hold.

By virtue of condition (C0), ® is compatible with the g-Serre relations (QL5-gl)
whenever |i — i’| > 1. We therefore need to only consider the case |i —i’'| = 1. We
shall in fact restrict to i’ = i + 1 since the case i’ =i — 1 is dealt with similarly.

7.8
The essential ingredient is the following analogue of Lemma 8.4. We leave it to the
reader to carry out the construction of the auxiliary algebra Y (see Sect. 8.2), the

operators o (1), 0;,(2) and o;s on 72ai+a,-/ (Sect. 8.3) and the map p;;’ : Youita, —

Lemma The kernel of p;;r is the C[h]-linear span of the following elements

—0
(1) Forany A(uy,uz,v) € Y [uy, uz, vl
A(Ci,(1):01,2):0i") ((Ei,(Z) - Ei/)giz,o?i/,o — (@i —0ir — h)Ei,OEi/,OEi,O)
A(Ci,(1),0i,2),0i") ((Ei,(l) —oi)ei e 08,0 — (0 1) — 0y — h)Ei',OEiz,o)
—0
(2) Forany B(uy,uz,v) = B(uz,u1,v) € Y [ug, uz, v]

B(0i,1),0i,02),0i)(0i1) —0i,2) — h)EioEi’,o

B(@i.(1),0i,2),0)(@i,0) — Ti.2) — fl)Ei/,oEio
—0
(3) Forany B(uy,uz,v) = B(uz, u1,v) € Y [ur, uz, v]

(2 _ _
B(0i,1).0i,02),0i) (ei,oei',o — 2e; 0ejr 0€i,0 + 61’,06i,o)
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Corollary The kernel of p;; is stable under the action of A(G; (1), 0;,2), 0i'), for any
—0
A(uy, uz, v) = A(uz, uy, v) € Y [uy, uz, v].

Remark In the next sections, we use the following convention for notational conve-
nience: for each X € Yoo, +ay and X = p;;7(X), we set

A(0i.1,0i2,00)(X) = piiv (A@i, 1), Ti2), 0i) (X))

7.9

We shall only prove the g-Serre relations for the case of the E’s and consequently
drop the superscript +. We need to show that the following holds for any k1, k»,l € Z

O(Ei )P (Ei ) P(Ej 1) — (q +q HYP(Ei k) )D(E; )P (Eik,)
+O(E; )P (Eik)P(Eik,) + (ki <> k2) =0

As in Sect. 8.5, an application of Corollary 7.8 shows that this reduces to showing that

O(Ei0)*D(Ej0) — (g + g HO(Ei0)P(Ej0)P(Eio) + P(Ej0)P(Ei0)* =0

7.10

With Corollary 7.8 in mind, we seek to factor a common symmetric function out of
each of the above summands. This is achieved by the following result.

Lemma There exists H(uy,uz,v) € Y [[uy, uz, vl] symmetric in uy <> uo, such
that

2

D(E;0) " P(E; o) = H(oi1,0i2,07)Po(0i.1,0i 2, 0i)e;0ei0€,0

D(E; 0)P(Eir0)P(Ei0) = H(0i1,0i2,07)P1(0i.1, 02, 0i)e; 0eir,0€i,0
2

D(Ey 0)P(Ei0)” = H(0,1,02,01)P2(0i.1, 0,2, 0i7)eir o€ 0€i.0

where Py, P1, P> € Clluy, uz, vl]] are given in terms of the function

e —e
P(x,y) = P

€ Cllx, y]I®

by

Po= P@uy+h,u)Puy —h/2,v+h/2)P(uy —h/2,v+h/2)
Pr =P +nh,up)P(uy —h/2,v+1/2)P(uz, v)
Py = P(uy +nh,u)P(uy, v)P(uz, v)



Yangians and quantum loop algebras 317

—0 .
Proof Define Ggp(x,y) € Y [[x, yll by 14(x)(gp(¥)) = g»(¥)Gan(x, y). Then, in
obvious notation,

D(Eq,0)P(Ep,0)P(Ec0)
= 8a (Ua)ea,Ogb(Ub)eb,Ogc(O'C)ec,O
= 8a(04)14a(04)(8(01))Aa(04) © Ap(0p)(8c(0¢))ea 0€b,0€c,0
= 84(04)8b(05)8c(0c)Gub(0as 0b) G uc(Oa, 0c)ha(0a)(Gpe(Oh, Oc))ea,0€b,0€c,0

We record for later use the symmetry in the interchange a <> b of the term

Guc(04, 0)Aa(04)(Gpe(0p, 0c)) = Aa(04) © Ap(0p)(gc(0c)) /8 (0¢)
= Gpc(0p, 0c)Ap(0p) (Gac(0g, 00))  (71.2)
where the second equality follows from the commutativity of A, (o,) and Ay (0p).
Set now F = gi(0i1)gi(0i,2)gi"(0i) € 70[[07,1,0'1‘,2, 0;/11%2. Then, the above

yields

D (E;0)° P (Ey0) = F Gii(01,1,0i.2)Gii7 (07,1, 01)4i (07,1)(Gi (07 2, 011))ef geir o

D(E; 0)D(Ei0)P(Ei0)=F G;i(0i1,0)Gii(0i1,0i2)Ai (0i,1)(Gii (05, 0 2))
€i.0€i’,0€i,0

O (E;y )P (Ei0)* = F Gyi(o, 01,1)Gi (031, 01.2) kit (0)(Gii (07,1, Ui,z))el",oegz,o

We claim that Gj; (u1, u2) = G;i(uy, uz) P(uy + h, us), where G is symmetric in
u1, up. Indeed, by condition (C1)

Gii(ui, u2) P(uy, uz +h) = Gij(uz, ur) P(uz, uy + h)
whence the result with G;; (u1, u2) = Gii(uy, uz)/P(uy + ki, uz). It follows that
®(E;0)°®(Eir ) = H (031,012, 01) P(0i1 + 1, 01.2)¢f geir 0
where

H(uy, uz,v) = gi(u1)gi(u2)gir(v)Gii (ur, u2)Gip (uy, v)r; (1) (G (ua, v))
€ YOluy, u, vll

is symmetric in uy, u by (7.2).
Next, assuming that ;" = i + 1, condition (C2) yields

Gii/(u,v)P(u,v) =Gyrij(v,u)P(u —h/2,v+h/2)



318 S. Gautam, V. Toledano Laredo

so that

D(E;0)P(Ei0)P(Ei0)
P(0i2,0)
P(oi2— /2,00 +1/2)

= H(0i,1,0i2,0i)P(oi1 + 1, 0i2) e; 0ei’ 0€i,0

Finally, using (7.2) again, with @ = i,b = i’, ¢ = i and the previous calculation
yields

D (Ejr0)®(Ei0)* = H(0i.1,0i2,0)P(0i.1 + 1, 0i2)
P(oi,1,0) P(0ip, 0i)
P(o;1 —h/2,0p0 +1/2) P(oip—N/2,0p +1/2)

2
€i’.0¢; 0
as claimed. O

7.11

By Lemma 7.10 and Corollary 7.8, we are reduced to proving the following

2 -1
81 = Po(0i1, 012, 0i)ejgeir0 — (g +q~ )Pi(0i1, 052, 0ir)ei 0€ir 0€i.0

+ P2(0i.1, 0.2, 01 )ejr g€ g = 0

Step 1. We first observe that

h

1
Py + by u2) =~ P(ur, uz) € (uy — s — WCI[h, 1, us]]

This allows us to use (2) of Lemma 7.8 to obtain

/ 2 !
S = Py(0i.1, 02, 0i1)e; geir,0—2P1(0i.1, 01 2, 0ir)ei 0eir 0€i0

/ 2
+ P3(0i,1, 052, 0ir)eir o€
where

Py =e"2P(ur, u) P(uy — /2, v 4 1/2) P(ua — h/2, v + 1/2)
P| = P(uy +h,uz) P(uy — 12, v+ h/2)P(ua, v) = P
Py = "2 P(uy, uz) P(uy, v) P(ua, v)

Step 2. We use next (3) of Lemma 7.8 with B = P} to get

2
S = (Py — Pye; geiro — 2(P) — Ph)eioeir oeio0
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One can easily check that ’Pi - 73; is divisible by uy — v — &, which together with (1)

P/ _ P/
#, yields

of Lemma 7.8, with A = 2
up —v—~h

, , 'P/ _’P/
S = (7)0 - Pz - thzl——v—zh(uz - U)) 61'2,()61",0

Step 3. Finally we can directly verify that the function

L il (w2 —v)

=Py — Py —2
F=Py=Pp=2. -

is divisible by u1 —u» — . Moreover, the quotient ————— is symmetricinu1, us.

uir —up
This allows us to use (2) of Lemma 7.8 to conclude that S¢ = 0.

7.12 The variety F

Fix integers | <n <d € N, let
F=lo=vocvic . cv,=c

be the variety of n-step flags in C¢, and T* F its cotangent bundle. We describe below
the GL4(C) x C*-equivariant K -theory and cohomology of 7*F following [15,34].

The connected components of F are parametrised by the set P of partitions of [1, d]
into n intervals, i.e.,

P={d=0=dy=dy =---=dy=d)}

where d € P labels the component Fg consisting of flags such that dim Vi = dj. The
symmetric group &, acts on the rings

S =Clg*!, x5, X3
R =C[h, x1,...,x4]

by permuting the variables X1, ..., Xy and x1, ..., x4 and fixing ¢, /i respectively.
For any d € P, denote by

6(d) =64 gy X x6g,—q, , CSy
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the subgroup preserving the corresponding partition. Then, the following holds

KGL,/((C)X(CX (T*j:) ~ @ SG(d)
deP

Hgp,xex (T*F) = @ RE®
deP

where K€" (pr) = Clg, ¢ "] and Hex (pt) = C[A].

7.13

For any partitiond € P and i € I, set
d&"=0=dy< - <di_ 1 <d£1<diyy < <dy=d)

if the right-hand side makes sense as a partition.
Ifd, d’ € P are two partitions, and P is one of the rings R, S, we denote by o (d, d’)
the symmetrisation operator

o(d,d) : pPEONS — pOW  od d)(p) = >
1eB(d)/&(d)NS(d’)

7.14 Up(Lgl,)-action [15,34]

Consider the following operators acting on

S(P) = P s°@
deP

(1) Forany j € J, ¥y (@j.c(z)) acts on €@ as multiplication by

d

— Iy - X

||qZ qX S _"X e SSD[F)
ka4 2T A%k

(2) For any i € I, the operators

Wy (Ei(2) : S@ - §S8@D [z 217
Wy (Fi(z) : SO — 8@z =1
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act by 0 if dii is not defined, and by

qXa+1—q ' Xi
Wy (Ei@)p = o, df) [ §(Xg1/2) [[ ————
ey Xdit1 — Xk
-1
_ - 9 Xa, — g Xk
Wy (F(2)p =o(d d;) [ 8(X4/2) [] X x
keliy !
otherwise, where I; is the interval [di_1 + 1, ..., d;].

The following result is due to Ginzburg and Vasserot and is proved in [34, §2.2].

Theorem The assignment Wy extends to an algebra homomorphism

Wy Un(Lgl,) = Endcy, ,-11(S(P))

7.15 Y3 (gl,)-action

Consider the following operators acting on

R(P) = P RO@
deP

(1) Forany j € J, Wy (6;(u)) acts on RE@ a4 multiplication by

d
u—xi+nh U — Xi SW)r. —1
€R
o 1l ([ 11]

(2) Foranyi €1,

Wy (i (u)) : RED — RSEI [, ~1]]
Wy (fi(u)) : R®Y — RO~ 1]

act as zero if d?E is not defined, and by

1 Xdi+1 — Xk + 1
U= Xdi+1

Wy (e;(w))p = ho(d, d;")

Xd: — X
ke, Yt k

_ 1 X4 — X — h
Yy (fiw)p =ho(d. d;) | — I I — P
U — Xgq, kel Xd; — Xk

otherwise.

The following result is proved in a similar way to Theorem 7.14
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Proposition The assignment Wy extends to an algebra homomorphism
Wy : Yu(gl,) — Endcp(R(P))

Remark The above formulae are degenerations of those of the previous section
obtained by setting z = ¢'*, g = e"/?, X} = &' and letting t — 0.

7.16

Lemma The homomorphism Wy maps the centre Z of Yp(gl,) surjectively to
Cla, xi, ..., xd]Gd. In particular, there exists an element

Aw) =141 A" e Z[lu™"]]
r>0

such that
d

Wy (Aw) = H - f"x;

Proof By [25, Cor. 1.11.8], Z is generated by the coefficients of the element
gdet (u) = 01(w)02(u — ) -+ 6,(u — (n — D) € Ya(gh)[[u""1]

It readily follows from 7.15 that

d
U — X
Wy (gd =
y(gdet (u)) kl:[lu—xk—m—l)h

By (2.7), L(v) = B(log(gdet(1))) € Z[[v]] therefore satisfies

d L (g+m—Dhw XV r—1
e —e v
Wy (L) =Y - = Z(pr({xk + (n — DA} — pr({xk})) ,
k=1 r>1
which yields the surjectivity since the power sums p,(x1, ..., x4) = D, X generate
(C[xl,...,xd]Gd. |
7.17

We will need the following
Lemma Foranyi €1, there exists Td?[(v) = Zr>0 TdjE V" oe Yo[v] such that

1 — e~ vHx —h

v — Xk
v (T4 @) = H l—e V™ v—x; + 1
kel;
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B v—xp 1 — e vtrth
v (Td; ) = H l—e vt y—x; —h

keliyy

The proof of this lemma is given in Sect. 7.20.

7.18 A compatible assignment

Let ® : {E;o, Fi,0, Djrlier,je),rez —> Y;,/(ng) be the assignment defined by

(I)(Dj,O) = 9]"0
Bj(v)

(D) = J —
q4—4 v=r

D(E;0) = Y eisTdf g~ 20~%0
>0

@ (Fio) = Z fisTd; g gotbivio
s>0

where Ay is given by Lemma 7.16. Extend & to the generators E; ,, F; ,, r € Z by
defining, as in Sect. 3.3,

TdH " ) = D" TdE57 0" = " TdE (v) € VO[]

m=>0

and setting

®(E;,) = Zei’sTd:’rsy(i‘) q—Ao—H,‘,O

s>0

O(Fip) = D fisTd;; " ghottino

s>0

7.19

Let R(P) be the completion with respect to the N- gradlng given by deg(xx) =
deg(f) = 1. Define a homomorphism ch : S(P) — R(P) mapping each § &)

to RS@ by

h/2

qgr— ¢ and X —> e*

Theorem The assignment ® above intertwines the geometric realisations of Up (Lgl,)
and Y (gl,) on S(P) and R(P) respectively. In other words, the following holds for
any X € {Ei,r» Fir, Dj,r}iel,jeJ,reN and t € S(P).

ch(X -m) = ®(X) - ch(m)
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Proof Consider first the case X = D;,, j € J,r € Z. By definition of Wy and Wy,
Djo=2/hlog(®; ) and 6; ¢ act on §6@) apd RO respectively as multiplication
by d — (dj — dj—1). Further, (2.7) yields

Wy (B;(v)) =% (1—e™) Ze"k” + €™ -1 Z

k=d;j+1

Similarly, taking log in

dj_ d
_ _ B Z—Xk
Wy (exp|(@—g D Djsz™* =H X H
5>1 k=1 k k:,+1Z 92X
yields
1 dj— d
Yullg =g D)=~ (=g X Xj+ @ =1 > X
k=1 k=d;+1

Thus, ch(Wy (D, )m) = Wy (Bj(r)w/(g — g~ ")) forany 7 € §6@

We turn nextto X = E; . Letw € SS@ and set p =ch(r) € RS@ _ Since Ao
acts on RS a5 multiplication by —d by Lemma 7.16, and 6 ¢ acts as multiplication
byd — (dj —dj_1), we get

P(EL0)(p) = D i (Td, p) gh =
50
Xdi+1 — Xk + 1 dj—d;
:U(d’d?) ZszsdePH— g4t
520 kel i+l T Xk
Xdi+1 — Xk + 1 o
= U(d, dj_) le—"_(.Xd[+1) p 1_[ +— qa'] d171
kel; Xdi+1 — Xk
+ ettt — eXk_h di—dj_1
=o@d) (P[]~ o
keh
Xa+1—q'X
:o’(d’d?') pCth di+l — 4 Xg
Xaj+1 — Xk

kel;
=ch(Ejom)

The proof for the rest of the generators is identical. O
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7.20 Proof of Lemma 7.17

Let A(u) be the formal series given in Lemma 7.16, and set

3@) =1 5u" " =log(Au))

r>0
For any j € J, define y;(u) € YOlu=1] by

j—1
Yi@) =3+ (j = Dh) +dj@) + D (dj—su+sh) —dj_s(u + (s = Dh))
s=1

(7.3)

A computation similar to the one given in Sect. 7.19 shows that, for any j € J,

1— hv
Wy (B(yj) = ——— > %’ (7.4)
kEIj
Set now*
v
J(v) = log ( 1 _v) e QIlv]]
—e
and, for any i € I, define

td;"(v) = B(y;(=3)J (v+ 1) (7.5)
td; (v) = —=B(i41(=0)J'(v) (7.6)

where 8 = d/dv. We claim that Td;"(u) = exp(rd:“()) satisfy the conditions of the
Lemma. By (7.4) we have

1 — —ho )
Wy (tdf(v)) = _—ea Ze_x"" oJ(v+h)
kel;

4 Note the difference between J (v) and the function G (v) used in Sect. 4.1 for constructing the solutions
for simple Lie algebras: J(v) = G(v) + %
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Using e 7% f(v) = f(v — p), we get

Wy (td; (v) = D T —xx) = J(v = xx + h)

kel;
v — xi 1 — efv+xk7h
ZZIOg(l—e—““k v—xi+h )
kEh

1— efv+xk +n

v — Xp
= log Hl—e—”xk v—x;+h
keh

The proof for the — case is same.

7.21 Standard form of ®

We rewrite below the assignment ® in a form in which Theorem 7.6 can be applied and
use this to prove that @ extends to an algebra homomorphism U (Lgl,,) — Yi(gl,).

Lemma Let y;(v) be given by (7.3), and Al.i(u) the operators of Proposition 7.5.
Then,

O () = DB(yj(v) = £ j — 8j.i41) 5 e

The proof of this lemma essentially follows from Proposition 7.5.

Corollary Foranyi,i’ €1, we have

A ) (T (v) Td (v) R A A
Tdiw) A @(Td @) (1 “evtu-h gy

)\f(u)(le._, W) le._/(v) v—u 1 —evtuth 8 it =i i1
Td, @) A @)(Td, () (1 —e vt v —u—h )

It follows that

.
O(Eip) =€ g (0)eio

O(Fi) =€ g7 (07 fio

where
+ —Ag—bi0 h +
g (u) = g0~ ——TdF ()
q—dq

_ _ h _
g () = qAM’“'Odei (u) (7.7)
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7.22

We record the action of the operators Aii, (1) on gii(v) using Corollary 7.21

—u+hn e’ —et

Mg ) = A (g v) = gt (v) v+h/2_eu o (18
—h —
A (g ) = A7 @)(g W) = & V) 573 ev “ a9

Using the fact that A;r(u)){ (u) = id, we get four more equations from these. More-
over, A (u)(g; () = g (v) for i’ # i,i — 1 and A (u)(g; (v)) = g; (v) for
i" £+

7.23

Theorem The series gl.i(u) satisfy the conditions (A),(B),(C0)—(C2) of Theorem 7.6
and therefore give rise to an algebra homomorphism ® : Up(Lgl,,) — @).

7.24 Proof of (A)

We need to prove that for every i, i’ € I, we have
g wAf (w)(g; () = g7 (A, (V) (g (u))

Ifi #i’,i’ + 1, both sides are equal to g (u)g (v). Fori = i’, by (7.8)—(7.9), the
left- and rlght -hand sides are respectively equal to

v—h/2 _ qu+h/2 uth/2 _ qv—1/2

v—u e Uu—1v €
and

ev — et v—u-—nh et —e¥ wu—v+h

The case i =i’ + 1 follows in the same way.

7.25 Proof of (B)

Leti € I. By (7.9),

g ) (g (W) = g (g ()L —

h

= g 10700 —— - Tdf (u)Td; ()
q—q

B A R(0;+1,0 — 0i,0)

= —7 €Xp

2

+ td (u) + td;” (u))
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By definition of tdii,

td; (u) + td; (u) = —Byi11(=9)J () + Byi(—=3)J " (u + 1)
—B(i41(0) = yi(v + M)y J ()

where the second equality follows from J'(u 4+ i) = "?J'(u) and the fact that
e’V B(f(u)) = B(f(u + p)). Next, the definition of y; yields

Yi+1(v) = yi(v + 1) =diy1(v) — d; (v)

hence

div1,r —d;

td () + td; () =h Yy (=) - LD )

r>0
which implies that

h(6it1,0 — 0i,0)

> dir G(r+])(bt)

d. —
_ 14i+1,
+td" () +td” () =h z (=D * +

r>0

and the proof of (B) follows from Proposition 4.2

7.26 Proof of (C0)—(C2)

The condition (C0) follows from the fact that (A () — 1)(g3s (v)) = 0if |i —i'| > 1.
Since the proof of (C1) is the same as the one given in the verification of (A), we are
left with checking (C2). We need to show that, forany i e I\ {n — 1},

U _ v u=h/2 _ qv+h/2

+4 () ot € ¢ + + +
g; (w)A; (u)gi+l (U)ﬁ = gi+1(v))L,'+1(U)gl’ () h—v—h

Using (7.8)—(7.9), the left- and right-hand sides are respectively equal to

u—v eufh/Z _ ev+h/2 el — eV eufh/Z _ ev+h/2

and
et — eV u—v—~n u—v u—v—~h

7.27 Isomorphism between completions

We give below an analogue of Theorem 6.2 for g = gl,,. We begin by defining the
appropriate completion of Uy (Lgl,,), which differs from the one used in Sect. 6.3 due
to the fact that gl,, is not semisimple.
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Foreachr > 0,1t € Zand X = E;, F;,®;, wherei € I and j € J, consider the
element

.

.

Xpy =D (=1 (S) b o
s=0

where ©;; = ((“)Iz - 07)/(q - g~ 1. Note that X,.; = x ® z/(1 — z)" mod &
where x € gl,, is such that X = x mod 7. Let K, be the two-sided ideal of Uy (Lgl,,)
generated by the elements {X,/.;},7>, ;ez, and 7 if r = 1. Finally, let 7, C Un(Lgl,)
be the ideal

Then, J,, is a descending filtration, J,,, Jpy C Jm+m’» and the completion
Un(Lgl,) =1im Ux(Lgl,,)/Tm
«—

is a flat deformation of the completion of U (gl,, [z, 7 Matz=1.

Remark The reason we use J,, instead of the powers of the evaluation ideal J;
as in Sect. 6.3 can be seen at the classical level. Indeed, the correct filtration of
U(gl,[z, z~']) is given by the J,, = U((z — 1)"gl, [z, z~']) which contains, but does
notequal J;". For example, if I is the identity matrix, then IR(z—1)> € IA\Up=1 I

For eachm € N, set

Yi(@h)op = [] V(@) C Yalaly)

m'>m

where (Y5 (gl,))m is the subspace of degree m. The proof of the following result is
similar to that of Theorem 6.2 and therefore omitted.

Theorem The homomorphism ® maps Ty, to Yh/(ng)m for any m € N and induces
an isomorphism of completed algebras

@ : Un(Lgl,) — Yi(gl,)

8 Appendix: Proof of the Serre relations
8.1

Let g be a complex, semisimple Lie algebra. The aim of this appendix is to prove the
following
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Proposition Let ® be the assignment {E; i, F; k, H; 1} — I@ given in Sects. 3.1—
3.3 and assume that the relations (A) and (B) of Theorem 3.4 hold. Then, ® is com-
patible with the q-Serre relations (QL6).

Fori # j € I,setm = 1 — a;;. Define, forany k = (k1, ..., k;) € Z" and | € Z

SAERY Z(—l)S[’ﬂ D(Eifyr) P (Ei oy )P(ES1)
qi

7eS, s=0

O(Ei s ser) - P (Ei ko) € V(@) @.1)

and let S, = S.(0, 0), explicitly given as follows
= m
Sh=2 1 [ s ] (P(E.0))" " ©(Ej0) (P(Ei0)’ (8.2)
—0 ai

Our aim is to show that Sfj (k, 1) = 0. Let us outline the main steps of the proof.

(1) We first reduce the proof of Sl.qj (k,1) =0to Sl.qj = 0. This is achieved in Lemma
8.5.

(2) By a standard argument using the representation theory of Upsly, we deduce in
Lemma 8.6 that Siqj acts by zero on any finite-dimensional representation of

Yi(g).

(3) Finally, we show that these representations separate points in Y;(g), and hence
that S{I. = (. Sections 8.8 and 8.9 are devoted to the proof of this fact (Corollary
8.9) which was communicated to us by V. G. Drinfeld.

8.2 The algebra Y

Define an auxiliary algebra Y to be the unital, associative C[/i]-algebra generated by
{&i» Xir}ier,ren subject to the following relations

(1) Foreveryi,jelandr,s e N
(;,.6;51=0
(2) Foreveryi,jelands € N
(€0, %] = diaijXj
(3) Foreveryi,jelandr,s €l

d,'a,'jh
2

[éi,r-‘,-lv )_Cj,s] - [éi,rvfj,s+l] = (Ei,rfj,s +~Yj,séi,r)
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We denote by 70 C Y the commutative subalgebra generated by {Ei’ rYielreN and
by 7>O the subalgebra of Y generated by {Xi r}ierren. Thelatteris a free C[/1]-algebra
over this set of generators. Moreover, by Corollary 2.5, Y = Y’ ® 7’

8.3 The operators o, () and o ;

The algebra Y has a grading by the root lattice Q given by
deg((§,,)=0 and deg(xi,) = o

Fix henceforth i # j € I, setm = 1 — g;; and let 7mai+aj be the homogeneous
component of Y of degree ma; + o i
Deﬁne operators o j, o, (k) on Yma +a; as follows. Since Ymm to; = Y ® Yma, +a;

andY 1s free, we have

m
Ve, 27 9 PTOP @ 7() @ T ()
s=0

where, fora =i, j, Y(a) = 7>0 is spanned by {X, r},eN. Let o, denote the C[]-
linear map on Y(a) given by aa(xa r) = Xqr+1. Forany k = 1, ..., m, define the
Y0-linear operator G (k) on Y, ma;+a; Dy letting it act on the summand Yi)®m— @

Y(]) ® Y (1) as

- 1®k—1®5i®1®m+1—k lfkfm—s
i, (k) 1% @7 @ 1®m—k otherwise

Similarly, let o; € Endﬁ) (?mai+aj) be given by 19m=s & ;i ® 1%5 on ?(l')®m—s ®
Y(j)®Y(i)®.

8.4 The projection pj;

Let p : Y — Yj(g) be the algebra homomorphism obtained by sending &, , —> &,
and X, , —> xIr forevery a € I'and r € N, and let p;; be the restriction of p to

?ma,- +a;- The following holds by Proposition 2.8.
Lemma The kernel of p;j is the C[h]-linear span of the following elements

(1) ForanyO0 <s <m — 1l and A(uy, ..., un, w) e?o[ul,...,um,w]

A (1)s -+ Ti,(m)s Ej)((ai,(m—S) — 0 —al)X]y Xj0X; o

_ _ - l—  —s+1
—(@im—s) — 0, + ah)xi.f’o X oxfo )



332 S. Gautam, V. Toledano Laredo

where a = d;a;j /2.

2) Forany 0 <s <m, k e {l,...,m — 1}\{m — s} and A(uy, ..., um, w) €
Yolut. .. g, w]®k+D
A@i (1), -5 im0 )i k) — Ti k1) — dil)X] X 0%
(3) Forevery A(uy, ..., upy,w) € 70[u1, e, U, w]Gm

m
— — — m\ —y—s— —
A (1) -+ 0 (m)s Gj)(Z(—l)S ( s )x?fo bxj,Oxi())
s=0

Corollary Let X € Ker(p;j) and A(uy, ..., up, w) € 70[141, RN 7/ w]Gm. Then,

A (1)s---+0i,(m), 0 )X € Ker(pij)

8.5 Reduction step

Let g.qj(lg AR g% denote the elements of 7,,,%. +a; defined by the same expressions as
(8.1)—(8.2). Then,

ST = [ 3 comar . umrimes | 5T
€S,

Using Corollary 8.4, we obtain the following

Lemma S;’j = 0 implies Sfj (k,1) =0 foreveryky,... ky,l€Z.

8.6

By a finite-dimensional representation of %, we shall mean a finitely-generated
topologically free C[[%]]-module endowed with a C[[7]]-linear action of Y3 (g).

Lemma LetV be a finite-dimensional representation of % Then, Siqj acts by zero
on V.

Proof Let U; be the subalgebra of I@ generated by
& = ®(Eio) Fi=®(Fio) Hi=P(Hio)

By Lemma 3.5, {&;, F;, H;} satisfy the defining relations of the quantum group Up, sl>,
where 7; = d;jni/2. We use the following notation of g-adjoint operator (see [19,
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§4.18]) which gives a representation of I{; on any algebra containing it

adq(é’l)(X) =&X— ICI'XK;I&
ady (F)(X) = FiXK; — XFK;
ad, (H)(X) = [H;, X]

where K; = qu' =i Letp: )@ — End()V) be the representation. Then,

ady (p(F)p(E)) = 0
adg (0 (Hi))p(E)) = aijp (&)

where the first identity follows from Lemma 3.5. Thus, as a {/;-module, End(}) con-
tains the lowest weight vector p(£;) of weight a;;. By the representation theory of
Up,slp, we get

ady (p(EN)" p(Ej) = p (adg(E)"E;) =0

and the assertion follows from the well-known identity (see [19, Lemma 4.18])

ady (E)"E; = D (1) [’ﬂ ENIEES
s=0 qi

i

8.7
Let I, C Y3 (g) be the ideal defined by

In= {1 Ker(p)
V.p)

where V runs over all finite-dimensional graded modules over Y;(g), that is finitely-
generated torsion-free C[#]-modules admitting a C[#]-linear action p : Yx(g) —
End(V) and a Z-grading compatible with that on Y (g).
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Lemma [ = 0 implies Sl-qj =0.

Proof The action of Y5 (g) on any finite-dimensional graded module V extends to one
of )@ on the completion Vof V with respect to its grading. By Lemma 8.6, Sl.qj acts
by 0 on V and therefore so do its homogeneous components Sfj; . € Yr(g), n>0o0n
V. Thus, Sl.qj;n € I, for any n and Siqj =0. ]

8.8

The following result, and its proof are due to Drinfeld [12]

Proposition The ideal I, C Yy (g) is trivial.

Proof 1Tt suffices to show that I = I /hlj is trivial. Indeed, if I = hls, then I, =
N B¥ Iy € N 7* Y (g) = 0. By definition of I, I N Y;(g) = Tilj so that I embeds
into Yz (g)/hYn(g) = U(gls]). Since graded representations are stable under tensor
product, [ is a Hopf ideal of Yj(g), that is

A(lp) CYr(9) ® In + 1n ® Ya(g)

It follows that [ is a co-Poisson Hopf ideal of U (g[s]). By Corollary 8.9 below, any
such ideal is either trivial or equal to U (g[s]). Since Y7 (g) possesses non-trivial finite-
dimensional graded representations, for example the action on C[A] given by the
counit, /5 is a proper ideal of Y (g) and is therefore equal to zero. O

8.9

Recall that a co-Poisson Hopf algebra A is a Hopf algebra together with a Poisson
cobracket § : A — A A A satisfying the following compatibility condition (see [3,
§6.2] for details):

8(xy) = 8(x)A(y) + A(x)3(y)

ForaLie algebra a, there is a one-to-one correspondence between co-Poisson structures
on Ua and Lie bialgebra structures on a [5, Proposition 6.2.3]. Moreover, there is a
one-to-one correspondence between co-Poisson Hopf ideals of Ua and Lie bialgebra
ideals of a.

The Lie bialgebra structure on g[s] is given by

§:gls] — gls]®gls] = (9@ g)ls, ]
Q
(s, 1) = (ad(f(s)) ® 1 + 1 ® ad(f (1)) ( ) (8.3)

s —

where Q2 € g ® g is the Casimir tensor. Note that § lowers the degree by 1.
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Let a C g[s] be the Lie bialgebra ideal corresponding to co-Poisson Hopf ideal
I C U(gls]). By the discussion given in previous paragraph,

Sa) Ca®@gls]+gls]®@a (8.4)

Lemma Let a C g[s] be an ideal. Then a is of the form a = g ® gCls] for some
polynomial g € C[s].

Proof Let S C C[s] be the set of all polynomials f such that there exists some non-
zero x € g for which x @ f € a. We claim that S is an ideal of C[s]. Let f € S
and g € C[s]. Let 0 # x € g be such that x ® f € a, and choose y € g such that
[x, ¥] # 0. Then

[x.y]® fe=x®f.y®glca

and hence fg € S.

Now for any f € S, theset{x € g: x ® f € a}is anideal in g, which is non-zero
and hence equal to g. This proves that « = g ® S. Since C[s] is a principal ideal
domain, the lemma is proved. O

Corollary Let a C g[s] be a Lie bialgebra ideal. Then either a = 0 or a = g[s].

Proof Let g € C[s] be such that a = g ® (g) C gls]. By (8.3), we know that the
Lie cobracket § lowers the degree by 1. Using (8.4), we conclude that g is a constant
polynomial. O

Acknowledgments We are very grateful to Ian Grojnowski from whom we learned that the quantum loop
algebra and Yangian should be isomorphic after appropriate completions. His explanations and friendly
insistence helped us overcome our initial doubts. We are also grateful to V. Drinfeld for showing us a proof
that finite-dimensional representations separate elements of the Yangian and allowing us to reproduce it in
Sect. 8. We would also like to thank N. Guay for sharing a preliminary version of the preprint [17] and E.
Vasserot for useful discussions.

References

1. Beck, J.: Convex bases of PBW type for quantum affine algebras. Commun. Math. Phys. 165, 193—-199
(1994)

2. Chari, V., Hernandez, D.: Beyond Kirillov-Reshetikhin modules. In: Quantum Affine Algebras,

Extended Affine Lie Algebras, and Their Applications, pp. 49-81, Contemp. Math., vol. 506, Am.

Math. Soc. (2010)

Chari, V., Pressley, A.: Yangians and R-matrices. Enseign. Math. 36, 267-302 (1990)

Chari, V., Pressley, A.: Quantum affine algebras. Commun. Math. Phys. 142, 261-283 (1991)

Chari, V., Pressley, A.: A Guide to Quantum Groups. Cambridge University Press, Cambridge (1994)

Cherednik, I.: Affine extensions of Knizhnik-Zamolodchikov equations and Lusztig’s isomorphisms.

Special functions (Okayama, 1990), 63—77, ICM-90 Satell. Springer, Conf. Proc. 1991

Chriss, N., Ginzburg, V.: Representation Theory and Complex Geometry. Birkhéuser, Boston (1997)

S

~

8. Ding, J., Frenkel, L.: Isomorphism of two realizations of the quantum affine algebra Ug(gl(n)).
Commun. Math. Phys. 156, 277-300 (1993)

9. Dirinfeld, V.G.: Hopf algebras and the quantum Yang-Baxter equation. Soviet Math. Dokl. 32, 254-258
(1985)



336

S. Gautam, V. Toledano Laredo

10.

11.

12.

13.

14.

15.

16.

17.

18.
19.

20.
21.
22.
23.
24.
25.
26.
27.
28.

29.

31.

32.

33.
34.

Drinfeld, V.G.: Quantum groups. In: Proceedings of the International Congress of Mathematicians,
(Berkeley, 1986), pp. 798-820, Am. Math. Soc. (1987)

Drinfeld, V.G.: A new realization of Yangians and quantum affine algebras. Soviet Math. Dokl. 36,
212-216 (1988)

Drinfeld, V.G.: Personal Communication (2009)

Gautam, S., Toledano Laredo, V.: Yangians and quantum loop algebras—II (in preparation)
Ginzburg, V.: Geometric methods in the representation theory of Hecke algebras and quantum groups.
Notes by Vladimir Baranovsky. NATO Adyv. Sci. Inst. Ser. C Math. Phys. Sci., 514, Representation
theories and algebraic geometry (Montreal, PQ, 1997), pp. 127-183, Kluwer, Dordrecht (1998)
Ginzburg, V., Vasserot, E.: Langlands reciprocity for affine quantum groups of type A,. Int. Math.
Res. Not. IMRN, 67-85 (1993)

Guay, N.: Affine Yangians and deformed double current algebras in type A. Adv. Math. 211, 436-484
(2007)

Guay, N., Ma, X.: From quantum loop algebras to Yangians. J. Lond. Math. Soc. (to appear).
doi:10.1112/jlms/jds021, published, online July 3

Guay, N., Nakajima, H.: Personal Communication (2012)

Jantzen, J.C.: Lectures on Quantum Groups. Graduate Studies in Mathematics, 6. American Mathe-
matical Society (1996)

Jing, N.: Quantum Kac-Moody algebras and vertex representations. Lett. Math. Phys. 44, 261-271
(1998)

Kassel, C.: Quantum Groups, Graduate Texts in Mathematics. Springer, Berlin (1995)

Levendorskii, S.Z.: On generators and defining relations of Yangians. J. Geom. Phys. 12, 1-11 (1992)
Levendorskii, S.Z.: On PBW bases for Yangians. Lett. Math. Phys. 27, 37-42 (1993)

Lusztig, G.: Affine Hecke algebras and their graded versions. J. Am. Math. Soc. 2, 599-635 (1989)
Molev, A.: Yangians and Classical Lie Algebras, vol. 143. American Mathematical Society (2007)
Nakajima, H.: Quiver varieties and finite dimensional representations of quantum affine algebras.
J. Am. Math. Soc. 14, 145-238 (2001)

Olshanskii, G.I.: Representations of infinite-dimensional classical groups, limits of enveloping alge-
bras, and Yangians, Topics in representation theory, Adv. Soviet Math., 2, Am. Math. Soc., 1-66
Tarasov, V.O.: The structure of quantum L-operators for the R-matrix of the XXZ-model. Theor. Math.
Phys. 61, 1065-1072 (1984)

Tarasov, V.O.: Irreducible monodromy matrices for an R-matrix of the XXZ-model, and lattice local
quantum Hamiltonians. Theor. Math. Phys. 63, 440-454 (1985)

. Toledano Laredo, V.: A Kohno-Drinfeld theorem for quantum Weyl groups. Duke Math. J. 112(3),

421-451 (2002)

Toledano Laredo, V.: Quasi-Coxeter algebras, Dynkin diagram cohomology and quantum Weyl groups.
Int. Math. Res. Pap. IMRP (2008), art. ID rpn009, 167 p

Toledano Laredo, V.: The trigonometric Casimir connection of a simple Lie algebra. J. Algebra 329,
286-327 (2011)

Varagnolo, M.: Quiver varieties and Yangians. Lett. Math. Phys. 53, 273-283 (2000)

Vasserot, E.: Affine quantum groups and equivariant K-theory. Transform. Groups 3, 269-299 (1998)



